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Appendix. List of Notations and Definitions

Abbreviations: e, = Neumann's number
eo =1, En =2, n=1, 2, 3,
Yy = 0.57721... Euler's constant

1. Elementary functions

Trigonometric and inverse trigonometric functions:
sinx cosx

si os = otx =
PX. o cosx, tanx = oosx’ © Sinx
X = cscx = arcsinx arccosx
5EC cosx’ sinx’ ’ ‘

arctanx, arccotx.

Hyperbolic functions:

. % =
sinhx = %(ex—ex), coshx = 4(eX+e™¥)
_ sinhx _ coshx
tanhx = = ohx” COthX = STrhx’
_ 1 _ 1
sechx = Zesh%’ cschx = STaRR®

2. Orthogonal polynomials

Legendre polynomials Pn(x).

P (x) = 2%(nnla® (x2-1)" = JF (o Ll 15 ki)

ax™

Gegenbauer's polynomials C:(x)

clix) = [n!F(Z\))]-lI‘(Z\Hn)ZFI(-n,2v+n;3§+v:%-‘5x)

Chebycheff polynomials Tn(x), Un(x)

L et
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T (x) = cos(narccosx) = F (-n,n;%;%-%x) = %n lim<T(v)C(x)

n 2 1 v=0 n
= 5{[x+i(1-xH) " + [x-i(1-x2) 9™}

Un(x) = (l-xz)—%sin[(n+1)arccosx] = Cé(x)
= x(n+l1) 2F1(ls-35n,3'z+5sn;’/z:l—x2)
= -k (1-x2) TR [x+1 (1-x2) )P [x-1 (1-x2) B

Jacobi polynomials Péa’s)(x)

Péa’s)(x) = [n!F(l+a)]-lF(l+a+n)2F}(-n,n+a+8+l;a+l;%-%x)

Laguerre polynomials

a -1l ~a x dn -X_n+a
L (x) = (n!) "x e — (e "x )
n dxn
= [n!F(l+a)]-lF(a+l+n)IFI(-n;a+l;x)
Lx:(x) = L (x)

Hermite polynomials

n
He, (x) = (-1)%exp(ax?) S~ exp(-ix?)
dx

2 dn -x2 Z;m

= (-1 x"d _ b
Hn(x) = (-1)"e o0 e = Hen(22x)

He, (x) = (-1™2 (1) H2n) 1 P (-n;ki?)
1 1
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He, . (0 =x(-D%27"(n1) TH2ntl) 1 B (ons Yaitex) b

3. The Gamma function and related functions

T'(z) = e—t tz.l dt ¥ Re z > 0

o— 8

y-function

v(z) = g; log z = FFE:;

Beta function B(x,y)

_ I(x)T(y)
B(x,y) = —WEI‘}’-—

e T e

4. Legendre functions

(Definition according to Hobson)

¥ u

et 2Fl(-v,v+l;l—u:%-%2)

ph(z) = [T(1-w]1 (I3

e'i““qﬁ(z)=z‘“‘1[r(%z+v)J‘In*r(1+v+u)z'“‘“'l(z2~1)*“ .
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. zFl(%v+%u+%,%v+%u*l;v+;7;2_2)

z is a point in the complex z-plane cut along the real

z-axis from -« to +1

s

(22-1)%u = (z—l);w(z+l);i , -m < argz < w, -1 < arg(z:l) < m

o bu
PHix) = [r(1-w 1 EE T B (cv,vlilomkeix), -1l < x < 1
v 1-x 2 1

BET———

QH(x) = e i E Mg (xhio) + Tl ], <1 < x < 1
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po(z) =p (2); qj(z) = q,(2)

F;(z) = Pv(Z); Q;(Z) Q,(2)

5. Bessel functions

. n (E)Zn
-1 2
7 (-1)

_ \Y
3,0 = G2 1 SR

J_V(z) = Jv(z)cos(nv) - Yv(z)sin(nv);

Y (2)

-y Jv(z)sin(nv) + Yv(z)cos(nv);

Yv(z) = cot(mv)J (z) - csc(nv)J_v(z)

gD (2) = 5 @viv 25 8P @) = 5 @) - v (2

6. Modified Bessel functions

L

v § (42) %"
n!l (v+n+l)

I,(z) = e—%iWJv(zel ) = (%z)

n=0

Kv(z) = L7 csc(mv) (I_,(2) - 1,(2)]

r . i .
- %ine’l"vﬂél) T = lzanéZ)(ze lknv)
7. Anger-Weber functions
=3 T
JQ(Z) =7 [ cos(z sint-vt)dt
0

m

1]
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3
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"1 [ sin(z sint-vt)at
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J(z) =3 (2, n=0,1,2 *; E(2) =R (2)

J%(z) (%nz)-%{[C(z)-S(zﬂcosz+[C(z)+S(z)]sinz} B_%(z)

I (2) = (%712) "% [C(2)+S (2) Jcosz-[C(z) -8 (z) Isinz} = E. (2) {

8. Struve functions

(—1)“(%z)v+2n+l

H,(2) = [ s romesmy

L, (z) = —ie_%in%HV(zei%n) = 7 (%z)v+2n+1 E
n=0 T'(n+3) T (vin+3s)

9. Lommel functions

u+l

z 3 2
S — sLu-Lu+ +hut ¥os -
Su,v(Z) (H=v+1) (p+v+1) 1Fz(l'2u A Y

ptv £ =1, -2, =3, e--

2]
—~
N
-
I

oy su'v(z)-2u-lf(%+%u-%v)P(%+%u+%v) .

. {sin[%n(v—u)]Jv(2)+c05[%ﬂ(v—u)]Yv(z)}

sv,u(z) = sv,_u(Z); Su,v(z) = Su’_v(Z)

Special cases:

s\),\)(z)

IEPARES: CetvE, (2)

= iVl

2]
N
|

T (35+v) D{Q(Z) - Yv(z) ]
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= \)_\) . =
SV+1,V(Z) =z =2 F(l+v)Jv(z), 8 z

(z)
. Su-1,v _ V=1
ﬁix\x} S ST 27 7T (v) I (2)
(z) = %mesc(mv) (J,(z) - J_,(2)]

S (z) = %mesc(mv) [J (2) - J_ (2) - J (2) + J_ (2)]
s_y (@) = - lesc (1) (3, (2)+I_, (2)]

S_y y(2) = &M Tesc(m) 13, (2)+3_ (2) -3, (2) -T_,(2) ]

(z) = 1-%mvesc(mv) [T (2)+T_ (2)]

1,9
sl,v(Z) = l+kmvesc(mv) [T (2)+3_ (2)-J (2)-F_ (2)]
S, () = 278, Ssp 4 (2) = R
S_%’%(Z) = z_;E[Sinz Ci(z)-cosz si(z)]

S_;ﬁ'%(z) = -z_&[sinz si(z)+cosz Ci(z)]

Lommel functions of two variables

o n(!)v+2n
U, (w,2) = nzo (-1)"'z Ir2n (2)
_ 2. =1
Vv(w,z) = cos (w+kz“‘w +%nv)+U2_v(w,z)

Kelvin's functions

idum

Jv(ze ) = berv(z)+ibeiv(z)

-i%am _ T
Jv(ze ) = berv(z)-lbelv(z)
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LT
1z . -
Kv(ze ) = kerv(z)+1 kElV(Z)
LT
7 . .
Kv(ze ) = kerv(z)-l kelv(z)
bero(z) = ber(z), beio(z)=bei(z), kero(z)=ker(z),
keio(z)=kei(z)
10. Gauss' hypergeometric series
T ®  [(at+n)T (b+n) z°
JF,labici?) = rmyTEy Lo T (e Al ! 2| <2
11. Confluent hypergeometric functions
Kummer's functions
.y _Ic) § I(atn) 2t _ -hc k2
1F1(a,c,z) - T(a) nZO T (c+n) n! 2 e M%c—a,%c-%(z)

z
e 1Fl(c-a;c;—z)

F (aj;c;z)
1 1

Whittaker functions

M () = W2 1F1(%+u-k;2u+l;z)
1

= ZU+‘e%z 1Fl(%+u+k;2u+l;—z)

= (=2 r(2y)
Oy M@ * TR e

K,H T (-u-k

=
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N

—
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W _u(z) =w (2

k, M
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Parabolic cylinder function

_ %+J§Q - 2
p_(2) =27 5w%+%m%<az)

2
-5z
Dn(z) = e % Hen(z) , n=20, 1, 2, **-

2 -
D . (z) = (4m) %%%  Erfc(27%2)

—~

N

-
]

(21271) 7% K, (42?)
3

Error integrals

z
Erf(z) = 21 % [ et at = 217" lel(%;3&;—22)=2(ﬂz)_%e—%zz
0

My (2%)

e T ui 2 -1 _L,2
Erfc(z) = l1-Erf(z) = 27 s [ e ae = (rz) %e 2y g i(2%)
z ~ara

i
Erf(x%e ) = C(x) + s(x)+i[c(x) - s(x)]

S E]

3K
Erfc(x?e ) = 1-C(x)-8(x)+i[S(x)-C(x)]

Fresnel's integrals

z z
C(J':)=(2TT)-§E / t Hcost dt;s(x)=(21r).;i / t %sint dt
0 0

Exponential integral

® n

-1 - - ~% =

t te tat=-y-log z- | %7§%—=z ey
u=1 :

=Bi(=z) = 5,0 (%)

N— 8

- m<argz < T
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:
FT(x) = %[Ei(x+i0)+Ei(x-10)] = -P.V. [ ¢ le tat, x > 0 '%
-x :
(p.v. = principle value) !
Ei(x) = ytlog x + nzl =aT 4 x >0 :
Ei(-ix) = Ci(x)-isi(x); Ei(ix) = im+Ci (x)+isi(x)
Sine and cosiné integral
X -1 2 -1 ™
si(x) = | £~ sint dt; si(x) =~ [ t sint dt = Si(x) - 3
0 X :
= 4i[Ei(-ix) - Ei(ix)]
& - i
ci(x) = - [ t “cost dt = L[Ei(-ix) + Ei(ix)] ‘
b
© n_2n
_ (-1)"x
y + log x + nZl T »
Incomplete gamma function g
|
‘ Z y-1 -t -1_v p
y(v,2) [t e “da =v 'z F (v,v+lj-2), Re v > 0 ;
0 L1 |
#
_ 1 vk ke
= v e M%v_%,%v(z) !
@ i
' T(v,z) = T - v(v,2) = f V71 e7tat
z
! !
| _ vk h
. z e w%v-%,%v(Z) !
! (4,2%) = TErfc(z); T(0,2) = -Bi(-2) :
I ” 2 1
} yUs,2%) = mErE(z);  v(l,2) = 1-e
|
| 1
i
3
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12. Generalized hypergeometric series

an(al’aZI.."a i bllbzl'.. bn7 z) =

m
_ F(bl)"'F(bn) @ F(a1+k)--'F(am+k) EE
F(al)---r(a;T' k<o r(b1+k)---r(bn+k$ !
For m = n+l, |[z| <1 For m < n+l, |z| <=

m,n=0,l,2"'

13. Elliptic integrals

Complete elliptic integrals

m

K(k) (1-k2?sin2x) “%dx = Lt JF s Lk

]
O

™

E (k)

]
O

(1-k2sin?x) %ax = 4 JF, Fhs 1k )

1l4. Particular cases of Whittaker's functions

M_, ,(2) = %n%z‘e%ZErf(zg)
4,3
coo B B o1 . L
M%,%(z) = -ikn3z% 22Erf(lz’)

L -Lz
z ‘e Lk_%(z)

o

g

o
.
N
¥
1]

MOIU(Z)

22 P T4y 2% (52)

= gHtE %z

M z
u+%,u( )
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Appendix
n+kh hz !
= z e 3
_u_%,u(z) E
i
Mo (2= (2k+1) 2% 7% y (2k+1,2) ]
' 2
L
W_, o (2) = ﬂ;éz;‘ie;5z Erfc(z?)
-7
_ -k _% 5 ;
wk,%(Z) = 2% 7z D2k—-%[(22) ]
=% %
= m ‘z?K (%2)
%o ,u 2 "
5 . 3
W_o 0(z) = -zlie 22 pi(-2) :
=27
Weop(2) = 27 K% T (2k+1,2) i
’
o utis -%hz
wk,k—%(z) = z ‘e
it'
i
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List of Functions

Symbol Name of the function Eig:id
C(x) Fresnel's integral 11
Ci (x) Cosine integral 11
C:(x) Gegenbauer's polynomial 2
Dv(z) Parabolic cylinder function 11
B (k) Complete elliptic integral 13
Ei (-x)
_. } Exponential integrals 11
Ei(x)
Erf(z) }
Error integrals 11
Erfc(z)
Ev(z) Anger-Weber functions 7
mFn(z) Hypergeometric function 10, 11, 12
Hen(x) Hermite's polynomial 2
Hél)’(z)(z) Hankel's functions 5
!R#z) Struve's function 8
Iv(z) Modified Bessel function 6
Jv(z) Bessel function 5
Jv(z) Anger-Weber function 7
R(k) Complete elliptic integral 13

Kv(z) Modified Hankel function 6
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. Listed $
Symbol Name of the function andet :
3
't
L\) (Z) Laguerre's function 1l E
Li (x) Laguerre's polynomial 2 ¥
l"v (z) struve's functions 8
M (2)
s
} Whittaker's function 11
wk as (&) g
%
Pn (x) Legendre's polynomials 2 X
{ Pr(la’ 8 (x) Jacobi's polynomials 2
ps (z)
I
Py (x) i
Legendre functions 4 2
H 15
q, (z) i
u i
®
Q) (%) 8
S (x) Fresnel's integral Tl |
si(x)
Sine integrals 11
Si(x)
s U,V ( 2
Lommel's functions 9
S (2) H
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