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Exam 1 Review
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FIGURE 1. Overview of mechanics (so far).

We have studied two approaches to mechanics—Newtonian and Lagrangian. They both give the same

final output, the time evolution of the coordinates, either generalized gy (t) or Cartesian @, (t).
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1. NEWTONIAN MECHANICS REVIEW.
The most general version of Newtonian mechanics relates the kinematic description of N particles @, (¢)
to the dynamic forces applied to the particles F,, in Newton’s second law:
m,T, = Fo(Z,, Z,, t).
It is often useful to break up the force into internal forces on particle n from particle k&, _;izt, and external
forces, F¢' which act on an individual particle n. In that case,

N
> [rint ext
My Ty, = E EV+ F
k=1

Question 1. Newton’s Third Law

(1) Describe the weak and strong version of Newton’s third Law.

’ Show Answer."
(Weak form:) Forces between particles are equal in magnitude and opposite in direction:

. .
int ___ pnt

nk T kn

(Strong form:) Forces between particles are equal in magnitude and opposite in direction and the
direction is pointing from one particle center to the other:

int int A
Fnk Tnk = —L'gp, Tk,
where
A T'nk
T'nk = = )
|7k |
and

(2) Define the center of mass and derive the equation of motion for it using the weak form of Newton’s
third Law in terms of the total external force:

N
mext _ ext
Ftotal - Z Fn .
n=1
| Show Answer: |
Center of Mass,
N —
X - n=1 MnTn
o M
where
N
M = Z my,.

n=1



is the total mass.
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mpZ, = > Ft+ F*. (Newton’s second law)

- N N
MXon =YY"

N—-1 N N
o Cint Cint ext
n=1 k=n+1 n=1
int int
Er=—F>"  (Newton’s third law)
N—-1 N
o znt int ext
n=1 k=n+1 n=1
N
v pext — piext
MXcm - Z n Ftotal

(3) Define the total angular momentum about the stationary point Zy and derive the equation of motion
for it using the strong form of Newton’s third Law in terms of the total external torque:

emt 7 ﬁext
total - E : n n

| Show Answer:|
Total angular momentum,

N

L= —Zmnfn X (%, — o)
n=1

. N

L= _Zmnfn XIF;L
n=1
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Question 2. One particle, force depends only on time. A particle of mass m = 3kg initially ¢ = Os
at position #(0) = (—3,2, —3)m and initial velocity Z(0) = (1,—2,3)m/s is acted on by a force F(t) =
(3t,—2,3sint) N.

(1) Find a general expression for the position of the particle Z(t) as a function of time t.

| Show Answer:|

m(t) = F(t) = (3t, —2, 3sint)
mi(t) = (3/2t%, —2t, —3 cost) + mV,
7(0) = (0,0, -3)/m + Vo = (1,-2,3)
Vo= (1,2 3) —(0,0,—1) = (1,-2,4)
mE(t) = (1/2¢%, —t2, —3sint) + mVyt + mX,
Z(0) = (0,0 0) —i—Xo (—3,2,-3)
o = (3,2, -3)
Z(t) = (1/2t% 3sint)/m + Vot + Xo
Z(t) = (1/6t> +t —3,—1/3t> — 2t + 2,4t — 3 —sint)m
Check Answer:
Z(0)=(-3,2,-3)m Vv
Z(t) = (1/2zf2 1,-2/3t — 2,4 — cost)m/s
2(0) = (1,-2,3)m/s v
Z(t) = (t,—2/3,sint) m/s>
mE(t) = F(t) = (3%, —2,3sint) N v

(2) What time ¢ is the 2 = (0,0, 1) velocity v, = Z - 2 maximum in the range of 0s < t < 6s? What is
the acceleration vector at that point?
| Show Answer: |

v, =Z(t)- 2= (1/20 +1,-2/3t — 2,4 — cost) - (0,0,1) m/s = 4 — cost

U, =sint =0

t=nm,n€e’
t={0,7},(0s <t <6)
VU, = cost

cos0 > 0,cosm < OV
t=ms~3.14s
Z(t) = (t,—2/3,sint) m/s>
Z(m) = (m,—2/3,0)m/s> ~ (3.14, —2/3,0) m/ s>
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(3) Show that the Impulse-Momentum Theorem is true for the Z component of the motion during the
interval 0 <t < nx?
| Show Answer: |

>

J.=J-2 :/Wﬁ(z&)-édt:Aﬁ-z
0

- / 3sint dt = m(v.(r) — v.(0))
J0O
= —3cost|f =3(4 —cosm — 44 cos0)
=-3(-1-1)=34+1-4+1)
J,=6=6

Question 3. One particle, force depends only space. All known real forces are conservative. A conservative
force can be derived from a potential energy V. Consider a mass m at the end of mass-less spring with
spring constant K and rest length Ly hanging from a rigid immovable beam under gravity. Assume the
motion is one dimensional in the direction of gravity.
(1) Measuring the position y of the mass from beam with y increasing downward and the zero of
gravitational potential at y = 0, what is the potential energy of the mass-spring system?
’Show Answer." The potential from the spring is:

1
‘/sp'ring (y) - §K(?J - LO)Q-

The potential from gravity is:
‘/gravity(y) = —mgy
Then the total potential

1
V() = Varing () + Varanins(4) = 5K (4 = L0)* = may

(2) Find the equation of motion for the mass.

| Show Answer:|




(3) Non-dimensionalize the equation using [L] = Lo, [T] = \/% , and [M] =m.

| Show Answer: |

b=
b
T = Et
dr K
-
y(t) = Lou(r)
d(Lou())
dt
du(r) dr
T dr dt
du(t) |K
= Lo dr \/;
= LQU(T)\/E
(t) = Lo Zu(ﬂ
y(t) = Lof}iﬁ(ﬂ
j(t) = —Z(y(t) —Lo)+g
Loii(r) = — 2 (Lou(r) - Lo) + ¢
= —LOZW(T) —D+yg
i(r) = —u(r) — 1+ ?qu

() =—u(r)+T -1,

where
mg

KLy
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(4) Solve the dimensionless equation and then convert back to dimensional form, using initial conditions
y(0) =Yg and 5(0) = V4.
| Show Answer: |
Change of varible to simplify:

() =—u(r)+ T -1,
i(r) = —(u(r) =T+ 1),
q(t) =u(r) =T +1
G(r) = i(r) = —q(7)

Assume:

q(1) = Asinwt + B coswTt
G(7) = Aw coswT — Bwsin wr
G

—Asinwt — Bcosw

—q = —Aw?sinwt — Bw? coswT

\]
~—
I

= —Aw?sin wr — Bw? cos wt

-
0= A1 —w?) sinwr + B(1 — w?) coswT
2

q(1) = £AsinT + BcosT.

From the general solution apply the initial conditions:

y(t)

a(r) = u(r) =T+ 1 ="

-I'+1

Y,
q(0) = £Asin 0+ Bcos0 = L—O—F+1
0

Yo
B—20 iy
o

G(t) =+AcosT — BsinT

g(t) = Loﬁum

ilr) = ifr) = [0

K Ly
4(0) = £Acos0 — Bsin0 = Z‘L/Z
q(1) = n}z‘[//b;SiHT—i_(l}z_F‘i‘l)COST




Now convert back to y(t):
y(t) = Lo(g(r) + T = 1)

V¢ Y(
= Lo ”};I%SinTﬂL(L(;—F+1)COST+F—1)
= %Vo sin7(t) + (Yo — Lo(I' — 1)) cos 7(t) + Lo(I' — 1)

v
y(t) = Ly + (Yo — Ly) coswot + — sinwot

Wo
| K
Wy = ]
m
g

leLo(l—F):Lo—w—g.

where

and

Question 4. One particle, force depends position and velocity A damped harmonic oscillator has equation
of motion:
mi = —Kx — Bz
(1) Find a general solution xz(t).
| Show Answer:|

mi = —Kxz — Bt

i = —wir — B

K B
where, wy =4/— and = —
m m

Guess: z(t) = Aexp Qt
z(t) = AQexp Ot
i(t) = AQ* exp Ot
AQ? exp Ot = — Awj exp Ot — ABQ exp Qt
0= A(Q? + wj + BQ) exp Qt
0=0%+wi+ BQ
1
Q=(=F£yp - 4wg)
1 1
x(t) = Aexp {2(—5 +14/5% — 4w8)t] + Bexp {2(—6 —/pB? = 4w8)t]
(2) Assuming B > 0 what kind of solution will you get if
(a) (B/m)? > 4K /m.
(

]2) (B/m)* > 4K/m.
(c) (B/m)? =4K/m.
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| Show Answer:|

(B/m)* > 4K/m
B > 4w

B+ B -4} eR
The solution will exponentially decay.
(B/m)* < 4K/m
B < 4w}
—B+4/B%2—4ud eC
The solution will exponentially decay and oscillate because of the imaginary part.
(B/m)* = 4K/m

B? = 4w§

B4 /B2 — 4 =—f

The solution will exponentially decay like exp (—//2).

4.1. LAGRANGIAN MECHANICS REVIEW.

Lagrangian mechanics is equivalent to Newtonian mechanics, but it has two major advantages. 1) It
is relatively easy to treat generalized coordinates. This make changing coordinates easier and allows the
elimination of constraints very simple. 2) It is easy to include continuous symmetries and each continuous
symmetry leads to a conserved quantity. The three most important symmetries space-translation, rotation,
and time translation lead to conservation of momentum, angular momentum, Energy. The most general
version of Lagrangian mechanics has a an input the Lagrangian function L(t) = L(qx(t), gx(t),t). The g
are K generalized coordinates. The dynamics are determined from requiring that the action,

t2
S = L(t)dt
t1
is stationary (i.e., 85 = 0). Using variational calculus the stationary requirement lead to K Euler-Lagrange
equations:

oL
where

_ 9L

PE= Da

is the generalized momentum.
To calculate the Lagrangian we use the definition in Cartesian coordinate Z,(t), such that:

L(Za(t), a(t)) = T(@a(t)) = V(Za (1)),

where
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is the kinetic energy and V' (Z,(t)) is the potential energy of the system. In Cartesian coordinates there are
N particles in D dimensions. The vector part of the coordinates Z,(t) represents the D dimension of the
space that the particles are in and the subscript represents the number of the nth particle from a total of
N particles. The Lagrangian depends on a total of DN coordinates and DN velocities Z,(t). To convert
to generalized coordinates a change of variables is used:

along with an inverse transform:

In the transformation, the number of coordinates (degrees of freedom) K in the generalize coordinates
must equal the number of degrees of freedom in the Cartesian coordinates DN. However, if the g (t)
are chosen to include constrained variables then they can be easily eliminated from the final equations of
motion.

Question 5. Fquivalence of Lagrangian and Newtonian mechanics

(1) A general Lagrangian is given by
. 1 .

Show that the Euler-Lagrange equation leads to the Newtonian equations of motion for particles
in a conservative potential V (Z,(t)).

| Show Answer:|

1 .,

L(Z,(t), Za(t)) = oMy (t) = V(Za(t))
L, 0L
Pn = %
= muT,(t)
. oV
T
i (t) = _gg _F,

Question 6. Double Pendulum A double pendulum consists of a mass m; at postion #; connected by a
rigid mass-less rod of length L; to a rigid immovable beam. A second rigid mass-less beam of length Lo
connects m; to a second mass ms at position 7. The masses are confined to the x-y plane with gravity
pointing downward in the —g direction.

(1) How many degrees of freedom are needed to represent the positions #; and ¥ in Cartesian coordi-
nates?
| Show Answer: |
4. Each vector requires 2 dimensions and there are 2 positions so a total of 2 x 2 = 4 degrees of
freedom are needed. Explicitly (z1,y1, 22, y2) define the two vectors & = (x1,y1) and Ty = (9, y2).

(2) Constraints:
(a) How many constrains of the form f(Z,) = 0 are there?
(b) Express them in the form f(Z,) = 0.



(c) Are there any other constraints?

’ Show Answer."
(a) 2. The distance between each mass.

(¢) No. The beam position represents a constraint, but it is not included in the Cartesian coor-
dinates. The constraint to move in a plane z; = 0 and zy = 0 is also not in the Cartesian

coordinate description.

(3) Write out a coordinate transformation Z,, = #,(qx), which will include two generalized coordinates
that have zero time derivatives. This is always possible with constraints of the form: f(Z,) =0

since
df(fn) _ df(fn) dfn _ df(fn) >
dt dz, dt az, "
and
df (%,
if (iv ) 40
dx,

because there is a constraint and therefore fn =0.
| Show Answer:|

1

Tp = Tn(qr) = Tn(La, 01, Lo, 09)
#i=h

Ty = fl + l;

I, = (L1 cos by, Ly sin b))

Iy = (L3 cos Oy, Ly sin 0)

(4) What is the inverse transform g, = qx(Z,)?
| Show Answer: |

(5) What is the Lagrangian in Cartesian coordinate, @7
| Show Answer: |

=0,



The potential V'(Z,) is due to gravity so:
V(%) = mug(T1 - §) + mag(Zs - §)
= m1gy: + magys
and
(mlf% + mzi’g) — M1gy1 — M2gy2

DO | —

(6) What is the Lagrangian in generalized coordinate, g7
| Show Answer: |

L(Zy, %,) = 5 (mlf? + mﬁ%) — Migy1 — M2gY2
7 = 2 = (jt(Ll cos 1, Ly sin 6y)
=(-L 161 sin 6y, L16; cos )
2= l? L2603(sin® 0, 4 cos®6,) = L3607
; = jt(Lg cos 0y, Ly sin 05)
= (—L292 sin 0y, LyBs cos 05)
I3 = L3063
fo=lh 1)
f§:E—22§~ll+ff

ly - ll = L1L29192(sin 01 sin 05 + cos 61 cos bs)
= LlLQélég COS 91 — 02
= L%Gf + Lgeg — 2L1L291¢92 COS (01 — 02)

L= 5 [(ml + mg)L%H% + mg(L%QS — 2L1L291Q2 COS (91 — 02)} — mlng sin 6)1 — nggLQ sin 62

(7) Find the generalized momenta for the non-constrained variables?

| Show Answer: |

1 . ) o
L = 5 [(ml + mg)L%Q% + mg(ngg — 2L1L28102 COS (91 — Qg)} — mlng sin 61 - mgng sin 02

oL
Po, = 89 (ml + mg)L 91 — m2L1L292 CcOs (01 — 92)
1
oL .
Po, = mzL 92 m2L1L291 COS (91 — 92)

06,
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(8) Find the Hamiltonian?
| Show Answer:|

K
H=> pigx—L

k=1
= po,th + po,02
= (m1 -+ mQ)L%Hf + mg([é@% — 2L1L29192 COS (01 — (92) — L

H = 5 [(ml + TTLQ)L%Q% + mg(Lgﬁg - 2L1L29192 COS (61 — 02)} + mlng sin (91 + m2gL2 sin 92

(9) Use the Euler-Lagrange equations to find the equations of motion for the non-constrained variables?

| Show Answer:|

L=— {(ml + mg)L%O% + 777@([/%9% — 2L1L29192 COS (91 — 92)} — mlng sin 91 — ngLQ sin 92

2
) oL soa
Do, = 20, = mgolLy L2010 sin (61 — 02) — mygL, cos b,
1
) oL S
p62 — % — —m2L1L29192 Sin (91 — 92) - ngLQ COS 92
2
where

pgl = (m1 + mg)Lfél — mQLlLQ(éQ COS (91 — 92) — 92(91 — 92) sin (91 — 92))
Do, = mﬂ/géz - m2L1L2(é1 cos (61 — 05) — 91(91 — 92) sin (0 — 6s))
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