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Finite difference Boundary Conditions

1. DIRICHLET BOUNDARY CONDITIONS (FIXED-FIXED)

Consider the special matrix K:

2 -1 0 0 0 0
-1 2 -1 0 0 0
0 -1 2 -1 0
K = : :
0 0 -1 2 -1 0
0 0 0 -1 2 -1
0 0 0 0 -1 2

We wish to solve the equation Ku = h?f on the interval [0, 1], where u and f are N X 1 vectors with the
boundary conditions u(0) = Uy and u(1) = Uy. For concreteness let N = 6, and h = 1 then:

Ku=h*f
2 -1 0 0 Uy fl
—1 2 —1 0 U | h2 f2
0 —1 2 —1 Us o f3
0 0 =1 2] |u Ja
with boundary conditions:
uy = Uy
Uy = UN
First create the extended system:
on
-1 2 -1 0 0 0] wn fi
0 -1 2 -1 0 0 U2 hQ f2
0 0 —1 2 —1 0 us o f3
_/ll/r)_




This gives 2 additional equations:

Ug
Uy
-1 2 -1 00 0] U _hQ[fI]

0 0 0 -1 2 —1 Uus o f4

Us
—ug + 2uy —uy = h2fy
—us 4 2ug — us = A2 fy
substituting:
ug = Up
us = Uy
gives:
—Uy +2uy —up = h%fy

U
2uy — uy = h? <f1 +h§>
—ug + 2uy — Uy = h* f,
U
—u3 + 2uy = h* <f4 + ];fj)

These equations can be incorporated into the matrix version:

2 -1 0 0] [w fi+ 5%
12 =1 0 fus| _o| S
0 -1 2 -1 Us N fg

0 0 —1 2| |u fot Uy



2. NEUMANN BOUNDARY CONDITIONS (FREE-FREE)

If we wish to solve the equation Ku = h?f on the interval [0, 1], where v and f are N x 1 vectors with
the boundary conditions v'(0) = Dy and «/(1) = Dy. For concreteness let N =6, and h = + then:

Ku=h*f
i 2 -1 0 0 0 0- _uo_ _fo-
0 -1 2 =1 0 0f|usf _,o|fo
0 0 —1 2 —1 0 Uus N f3
0 0 0 -1 2 —1 Uy f4
L 0 O 0 O —1 2_ _U5_ _f5_
with second-order accurate boundary conditions at uy and us:
Up — U
a1 _p
2h 0
Ug — Up
= Dy.
2h N

Notice that in this case ug and uy_; are not known, so they must be included in the system. Now create
the extended system:

T
-1 2 -1 0 0 0 0 0] /|u [ fo]
0O -1 2 -1 0 0 0 O0]|w f
0O 0 -1 2 -1 0 0 O0f]u]| _ B2 fa
0O 0 0 0 -1 2 =1 0| ug f1
o o o0 0 0 -1 2 —1||us f5
L am /5]
This gives 2 additional equations:
L
Uo
U
-1 2 =100 00 01 up | _ o lf()]
Uy
Us
L Ue |

—u_1 4 2up — uy = h*fo
— g + 2us — ug = A2 fs
substituting:
u; — u_; = 2hDy
uy — ug = 2hDy



gives:

1
-1
0

o OO

-1
2
—1
0
0
0

—(u1 - QhDo) + 2U1 — U9 = h2f0
fo Do
—u =R -2
Ug U1 <2 h

—Uy + 2U5 — (U4 — QhDo) = h2f5

0 0 0 0] [uo] (Lo Do
-1 0 0 0 Uy fl

2 —1 0 0 U | h2 f2
—1 2 —1 0 Us o f3

0 —1 2 —1 Uyg f4

0 0 -1 ]._ _U5_ _% — D—}ZV_

f5

D
—U4+U5:h2 <2_h]\7>

These equations can be incorporated into the matrix version:

3. MIXED BOUNDARY CONDITIONS (FIXED-FREE OR FREE-FIXED)

For mixed boundary conditions you can simply combine; for example, u(0) = Uy and /(1) = Dy:

2

-1

0
0
0

-1
2
—1
0
0

0 0 0][w fi+ 5
-1 0 0 U2 f2

2 —1 0| |ug| = h? fa
—1 2 —1 Uy f4

0 —1 1] [us L _ Dy

2 h
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