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The International Fine Powder Research Institute (IFPRI) has funded an extensive program in dry powder and
granular flows, including a focused study on dense flows of interest to a range of industrial handling and process
unit operations, especially dense flows at relatively high shear rates. The dense flow program included
experimental studies of granular rheology in 3D axial Couette and 2D hopper geometries, wherein the effect of
force chains and jamming interactions were investigated as relevant to flow, stress and packing dynamics. The
program cumulated in a collaborative study funded by the NSF, wherein a group of academic collaborators was
invited to model experimental systems used in IFPRI-sponsored projects. This paper provides a summary of
the IFPRI program, details of the collaborative modeling study, and perspective on what is needed to progress
the work further.

© 2015 Elsevier B.V. All rights reserved.
1. Background

The International Fine Particle Research Institute (IFPRI), a consor-
tium of industrial companies and academics, has supported through
pooled industrial funding a rich program of research in particulate
flow extending over 35 years (Appendix 1). Over the past decade,
much of IFPRI's focus on particulate rheology has been toward under-
standing and manipulation of flow and stress fields in granular and
powder materials across industrially relevant process conditions,
i.e., as a function of operating conditions, material properties, and par-
ticulate characteristics. In one aspect associated with process through-
put of granular solids, there are opportunities in gaining insight into
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efficiencies associated with fluid-like rheology of granules having a
relatively high bulk packing fraction and high shear rate. While there
is a good body of engineering and science for very slow, dense-packed
flows (friction analogies based on soil mechanics principles), and a
good body of work for very rapid, dilute flows (gas-like analogy),
there is relatively little work in the intermediate regime.

Classification of dry particulate flow regimes has been done in sever-
always and is dependent on applications [1–5]. Overall, we can consider
a quasi-static regime with friction-like flow behavior, an intermediate
(or elastic–inertial) regime having particles with concentrated packing
structure and high enough shear rate to incite transient contact net-
works, and a rapid-kinetic (or inertial–collisional) regimewith relative-
ly dilute conditions characterized by binary particle interactions. In the
quasi-static regime, stress is independent of the strain rate; in the iner-
tial–collisional regime, the stress scales as the square of the strain rate
[6]. In between these two regimes is an intermediate regime where
stress is related to the strain rate in the form of a power law [7]. The
transition from intermediate to inertial–collisional has been charac-
terized as a dense-inertial regime having clusters of particles whose
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Fig. 1. Schematic of 2D hopper.
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structure has little effect on the stress transmission [8]. The transition
from collisional to intermediate flow, i.e., the onset of stress-bearing
networks, is very sensitive to packing fraction and boundary conditions.

Particulate flow regimes are of interest over a range of applications:

• Quasi-static flows are applicable to bulk storage and handling. Jenike's
analysis [9] predicts the necessary conditions for onset and type of
flow pattern in a hopper that may have multiple regimes including
entirely static regions, flowing regions, and empty regions.

• At the other extreme, fluidization is heavily dependent on the interac-
tion of particles with a gas flow; rapid flow in risers can be approxi-
mated using kinetic theories with fluctuation terms (i.e., granular
temperature) and turbulence contributing to the description of bub-
bling, clustering, and streaming phenomena. While there remains
some debate on the measurement and modeling of fluctuations in
gas-fluidized systems [10,11], a range of useful modeling methodolo-
gies have been developed for well-fluidized systems [12,13]. Addi-
tionally, Geldart's empirical classification [14] relating particle size to
the density difference between the gas and solid phases remains use-
ful for many fluidized bed applications.

• The focus of the current work is the intermediate regime having rela-
tively dense flows of particles in significant shear flow, typically with
transient, multiple contacts, i.e., force chains in an evolving network.
Stress fluctuations in denseflowsmay originate from the transient be-
havior of stress-bearing networks, i.e., the dynamics of network for-
mation and breakage. In one aspect of this rheology, stress-bearing
particle networks and transient jammingmay lead to build up of ma-
terial on boundaries and even clogging of industrial devices. In anoth-
er aspect, transient networks are crucial to the efficient transmission
of stress in a dense granular flow, for example in dense conveying or
in a convective flow through amechanical mixer or reactor. In yet an-
other aspect, fluctuations in structure are critical to particle-scale in-
teractions including micro-mixing and dispersion in dense flows.

In 2006 and 2007, IFPRI commissioned two research projects aimed
at dense, intermediate flow: Constitutive Characterization of Dense
Flows in the Intermediate Regime (Prof. G. I. Tardos and Dr. M.
Kheiripour Langroudi), and Dynamics and Rheology of Cohesive and
Deformable Granular Materials (Prof. R. P. Behringer and Dr. Junyao
Tang). The Tardos project was engineering-based, suitable for both
model and industrial materials, consisting of a full 3D bulk flow device
(i.e., an axial Couette-flow) instrumented to measure normal and
shear stress components of the bulk flow alongwith solids packing frac-
tion in the shear gap. The Behringer project used a variety of imaging
techniques to investigate the micro-structural aspects of photo-elastic
particle flows in 2D hoppers, specifically packing and velocity fluctua-
tions, dynamics of jamming, and probability of clogging. While
particle-scale and force-chain physics revealed by the 2D experiments
(Behringer) are relevant to the bulk flow and stress fields measured in
the 3D axial Couette (Tardos), the physical connection of the two pro-
grams was not achieved through experimental collaboration. Modeling
efforts were proposed to help bridge this gap.

In 2010, with support of the U.S. National Science Foundation (NSF),
the study was expanded to include additional participants with exper-
tise in modeling and simulation. The scope of the NSF grant included
support for modeling and a Collaboratory Workshop adjacent to the
2011 IFPRI meeting. The first goal was to see how well the 2D Hopper
and axial Couette datasets could be replicated by existing simulation
techniques. This effort was to not only assess modeling accuracy, but
to see what insights the modeling could give to the experiments. A fur-
ther goal was to span the two datasets, relating the micro-mechanics
elucidated by the 2D study to the bulk-rheology characterization in
the 3D Couette experiments. A summary of the Collaboratory, lessons
learned about its process, and future recommendations are detailed in
Appendix 2.
The Collaboratory includes coordinated work by Profs. L. Kondic and
M. Shattuck using discrete element method (DEM) modeling to simu-
late the 2D hopper experiments and independent work by Profs. C.
Campbell and C.WassgrenusingDEM to simulate the 3DCouette exper-
iments. Additionally, results of several other collaborations using vari-
ous continuum approaches to simulate the 3D flows and/or using
rheological data obtained in the axial Couette experiment to model
other flow geometries are reviewed.
2. Experimental, 2D hopper flow

Two categories of 2D hopper data were included in the Collabo-
ratory. The first category consisted of measurements for: 1) mean
time to empty the hopper; 2) mass flow rate; and 3) mean survival
time for flow without a jam sufficient to clog the flow. Data in the sec-
ond category describe the flow locally within the hopper, including:
1) local density, 2) local flow velocity, and 3) local stress.

The 2D hopper developed by Behringer and Tang (Fig. 1) comprises
a pair of Plexiglas plates that are spaced slightlymore than the thickness
of disk-shaped particles. Particles aremade from approximately 0.32 cm
thick polymer sheet, PSM,manufactured by Vishay Inc. for photo-elastic
observations. The diameter of the disks is either 0.770 cm or 0.602 cm,
with 62% by number of the sample consisting of the smaller diameter
particles. In total, there are approximately 8750 of these disks. The nom-
inal elastic modulus of the particles is 4.8 MPa, nominal solid density is
1.15 g/ml, and the static friction coefficient is ~0.7 to 0.8.

The hopper is formed from pairs of aluminum plates which can be
moved laterally so as to change the opening size at the bottom of the
hopper. In addition, the hopper opening is closed by a pair of slats that
can be pulled open in order to initiate flow. The width of the hopper is
43 cm and the height above and below the opening is approximately
100 cm.

The mass flow rate, Q, and by inference, the time to empty the hop-
per are related to the Beverloo equation [15], modified for a 2D system.
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This equation has been substantiated by a number of studies in 3D, and
it gives theflow rate from a 3D conical hopper of opening of diameter D:

Q ¼ C ρb g1=2 D – k dp
� �5=2

: ð1Þ

Here, g is the acceleration due to gravity, ρb is the bulk density of the
material at the hopper exit, and dp is an effective grain diameter (dp =
6.7 mm). The parameters C and k are constants that are determined by
fitting experimental data for a givenmaterial and hopper geometry. The
interpretation of the Beverloo equation is fairly simple. During outflow,
the mass flux is J = ρbU, where U is the typical speed of the material at
the funnel outlet. In the simplest scenario, one envisions plug-like flow
coming out of the funnel. The mass flow is dM/dt = JA = Q, where
A ~ D2 is the area of the hopper opening. The key piece of insight here
concerns U. One imagines that material fluidizes up to a height ~ D in
the hopper. Hence, the exit speed corresponds to the free-flight of ma-
terial that started from rest and fell under gravity by D:

U � gDð Þ1=2: ð2Þ

However, the process is restricted by drag at the walls, and there
is a boundary layer effect which reduces D to an effective value de-
pending on the particle size. Thus, D is replaced by (D–kdp). In the
2D case with a rectangular orifice, where h is the disk-particle thick-
ness and ν is the packing fraction, the hopper opening varies as the
first power of D (D is the exit width; D ≫ h), and the 2D Beverloo
equation becomes:

Q ¼ 4=πð ÞC ν ρs g1=2h D−kdp
� �3=2

: ð3Þ

Re-arranging Eq. (3) provides a linear relationship between the
mass flow rate, Q(2/3), and the orifice size, D, shown graphically in
Fig. 2a. Linear regression of the data according to Eq. (4) provides values
of “C” (derived from the regression slope) and “k” (derived from the x-
intercept); notice that the x-intercept does not significantly vary with
the hopper half angle, α.

Q2=3=dp ¼ 4=πð ÞC ν ρs g1=2h
h i2=3

D=dp−k
� �

: ð4Þ

The increase in discharge flow rate with decreasing hopper half-
angle is consistent with an earlier review of 3D flows in rectangular
hoppers where the length of the slot is large compared to the width
[16]. In the current work, we observe an empirical relation for mass
flow rate as a function of hopper half angle expressed in Eq. (5),
where the LHS is an effective discharge coefficient depending on hopper
a

Fig. 2. a) Flow rate data for hopper discharge at different half-angles (fromvertical) plotted acco
to Eq. (5) with k = 1.48, and assuming random close packing, ν = 0.84.
half angle (α) having A and B as fit parameters and C90 being the equiv-
alent Beverloo coefficient “C” for a flat-bottom hopper (α = 90°):

C90 þ A cotB αð Þ ¼ Q= 4=πð Þν ρs g1=2h D−kdp
� �3=2h i

: ð5Þ

The discharge data are plotted in Fig. 2b according to Eq. (5) with
k = 1.48 and a 2D random close-pack assumption, ν = 0.84. Under
these conditions, the best-fit parameters are: C90 = 0.587, A =
0.0781, and B = 1.71; note that the value of C90 is consistent with 3D
Beverloo analyses of free-flowing granules in flat-bottom hoppers.

While the time to empty a hopper containing a given mass is well
predicted by the Beverloo equation, it only applies for orifice sizes that
are larger than a critical jamming dimension, and on time scales that
are long compared to the characteristic time for a grain to fall a charac-
teristic distance, i.e., its own diameter [17]. In general, velocity, packing
fraction, stress, and mass flow rate are all locally fluctuating quantities.

Mechanisms of jam formation and relaxation are of interest in gran-
ular rheology. The 2D data were collected over a range of dimensionless
orifice sizes and hopper angles, tabulating instances of jamming suffi-
cient to arrest flow at the outlet (Fig. 3). Jamming appears to follow an
exponential distribution with the mean time to clog (λ) being a strong
function of the dimensionless orifice size. The best exponential fit was
obtained relative to the square of the dimensionless orifice size [18], fur-
ther adjusted by the boundary-layer dimension, k = 1.48. Over the
range tested, the hopper half-angle appears to have little effect on the
clogging interval.

Further 2D experiments determined local velocity and density fields
by particle tracking and high-speed video. For local pressure measure-
ments, photo-elasticity measurements were used in which the particles
are placed between crossed polarizers. For each high-speed video
image, the gradient squared, G2, of the polarized image intensity is cal-
culated; G2 is then related to the local pressure bymeans of a calibration
[19]. In the calibration, we compress a sample of the grains and deter-
mine the value of G2 per particle under the same lighting conditions
as the hopper flow experiments.

Coarse graining of flow and pressure fields was accomplished by
means of a smoothing function (Eq. (6)) such that the coarse grained
value of any field, A(r), with particle positions defined according to sub-
script notation, ri, was given by Eq. (7) where the summation is taken
over all particles (i= 1…N) and the integral is evaluated in two dimen-
sions, hence the dr′2 notation. Values of w from 1 to 3 mean that the
grain diameters gave comparable results.

ψ r−r0ð Þ ¼ πwð Þ−1 exp − r–r0ð Þ=w½ �−2
n o

ð6Þ
b

rding to Eq. (4); b) discharge coefficient as a function of hopperhalf angle plotted according



Fig. 3. Jammingdata summarized as themean time interval (λ) between jams sufficient to
clog the outlet as a function of dimensionless orifice size reduced by Beverloo “k”
coefficient.
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A rð Þ ¼ ∫ψ r−r
0

� �
∑A r

0
−ri tð Þ

� �
dr

0 2 ð7Þ

For instance, in two cases of relevance here, the mass density
(Eq. (8)) andmomentumdensity (Eq. (9)) are given at the ‘microscopic’
or grain scale wheremi and vi are themass and velocity of particle i, and
the summation is taken over all particles. Here, δ(r) is the Dirac delta
function.

ρ r; tð Þ ¼
X

miδ r−rið Þ ð8Þ

p r; tð Þ ¼
X

miuiδ r−rið Þ ð9Þ

The coarse grained, hence smoothed, fields are similar to the micro-
scopic fields, except that the delta functions are replaced everywhere, as
the result of the convolution, by the smoothing function,ψ(r− r′). Note
that we have chosen a Gaussian smoothing function, but other choices
are possible and give similar results. The local coarse grained velocity,
Fig. 4. Experimental velocity and stress fields in 2D hopper with half-angle 30° from vertical, i
d) stress fluctuation.
U(r,t) is obtained from the smoothed momentum and density fields
(Eq. (10)).

U r; tð Þ ¼ p r; tð Þ
ρ r; tð Þ ¼

X
mi ui ψ r−rið ÞX
mi ψ r−rið Þ ð10Þ

We used this approach for obtaining a coarse grained velocity
because ρ(r,t) and p(r,t) correspond to conserved variables, whereas
U(r,t) is a derived variable, which by itself does not satisfy a conserva-
tion law. We obtain coarse grained pressure fields in the same general
manner as the coarse grained density. Note that the kinetic stress is
not included in the experimental data displayed in Fig. 4. The kinetic
stress, proportional to ρU2, is approximately 2 orders of magnitude
less than the contact stress distribution throughout most of the hopper.

Fig. 4 shows discharge in a 30° half angle (from vertical) hopper,
both in flow and stress fields. While the average velocity (Fig. 4a) is
greatest in the region extending through the orifice and extending up
into the cone, the velocity fluctuation (Fig. 4b) is highest in an arch pat-
tern just above the outlet, where jamming may have sufficient stability
to cause clogging. The minimum in the average stress field (Fig. 4c) ap-
proximately coincides with the maximum average velocity. Stress
fluctuations (Fig. 4d) are consistent with the average stress field, with
magnitude comparable to the mean, i.e., the relative stress fluctuation
is quite significant. Fig. 5 shows a similar set of flow and stress fields
for a hopper having a 75° half angle. While its flow fields are similar,
the particle stresses and their fluctuations are much higher in the
shallow-bottom hopper.

3. Experimental, 3D axial Couette flow

The 3D axial Couette cell developed by Tardos and Kheiripour
(Fig. 6a) has a vertical shear gap between the rotating and the stationary
cylinders. Thewalls of the Couette aremade rough by gluing sand paper
on the shearing surfaces as shown in the figure. The roughness of the
walls is chosen to match or exceed the coefficient of internal friction
of the material thereby trying to assure a non-slip boundary condition.
The material above the rotating cylinder (denoted overburden in the
figure) is stationary and only provides dead weight to the shearing
layer. The Couette can be operated in batch mode (with the valve on
the bottom closed) or in continuous mode with an axial flow by re-
moving a small amount of powder (typically ~200 g/min) through the
.e., a “mass flow” condition: a) average velocity; b) velocity fluctuation; c) average stress;



Fig. 5. Experimental velocity and stress fields in 2D hopper with half-angle 75° from vertical, i.e., a “funnel flow” condition: a) average velocity; b) velocity fluctuation; c) average stress;
d) stress fluctuation.
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bottom and feeding the same amount at the top so as to keep the over-
burden at a constant level above the rotating cylinder.More detail about
the operation of the device is given elsewhere [20].

For each rotational speed, three sets of data were measured: torque,
normal stresses with a stress transducer mounted in the middle of the
rotating cylinder (sensor diameter 9.53 mm), and solid fraction data
using a capacitance probe. Solid fraction data were taken in one of two
positions: flush to the outer wall and 6 mm from the rotating wall by
inserting the capacitance probe (~1 cm diameter) into the active shear-
ing zone. The capacitance probe detects an approximately hemispheri-
cal volume of ~3 mm radius at its end.

Note that torque and normal stress data were collected at different
rates according to their individual sensors. These data were reconciled
to assure that normal stress data collected at a much higher rate
corresponded to torque data taken at slower rate but over the same
Valve
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a

Fig. 6. Schematic of 3D axial Couette: a) continuous experimental set-up with
time period. This methodology allows analysis of stress fluctuations ac-
cording to the normal stress sensor and convective shear transmission
according to the torque data (Fig. 7). Converting the rotation speed
(RPM) to shear rate (γ

�
, Eq. (11)) and torque (T) to shear stress (τ,

Eq. (12)), a power-law rheology is obtained (Eq. (13), Fig. 8), where φ
is the slow-flow (quasi-static) internal friction angle and b and n are
shear-rate dependent coefficients.

γ
� ¼ 2� RPM

60 Dout−Dinð Þ ð11Þ

τ ¼ 2� T

π � Din
2 � L ð12Þ
b

1″ shear gap, Din = 4″, Dout = 6″; b) simulation slice used by Campbell.
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τ=σ ¼ tan φð Þ þ bγ
� n ð13Þ

In order to obtain solid packing fraction data, the capacitance probe
was calibrated at given solid fractions using the particles' dielectric
properties. Calibration was done using batch mode (no powder flow
vertically through the shear layer), where the packing fraction can be
independently calculated based on the fill height and mass of particles
added. Formodel glass beadmaterials tested in batchmode, the packing
fraction increased with time (Fig. 9) until the packing fraction at the
outer wall reached a plateau at ~64%with very little fluctuation, indica-
tive of jammed close-packing; note that this packing fraction was inde-
pendent of rotation speed tested.

In continuous mode, the particle's packing has freedom to dilate
with the axial flow, showing fluctuations in packing fraction at both
probe positions (Fig. 10). As the rotational shear increases, an apparent
gradient develops between the inner and outer walls of the Couette.
With increasing shear rate, a close-packed boundary layer appears to
form at the stationary outer wall, while the packing near the inner
(moving) boundary appears to reduce slightly, but with fluctuations
that increase with the shear rate. In the case of the 6 mm gap data, it
is speculated that the probe's insertionmay affect theflow (i.e., as an in-
truder), contributing to the measured fluctuations.

While the measured fluctuations in packing fraction (Fig. 10) are
much higher than the torque fluctuations (Fig. 7), it must be noted
that each sensor's scale of scrutiny is different. The torquemeasurement
integrates the rheology over the sample volume in the gap, extending
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Fig. 8. Rheological power-law fit for average-value glass bead data given in Fig. 7. The
power law rheology (Eq. (13)) is fitted using tan(φ) = 0.28, b = 0.23 and n = 0.53.
its full circumference and height, with a volume of over 2 l; in the case
of 1 mm glass beads, over 2 million particles are in the gap. In compar-
ison, the capacitancemeasurement of packing fraction is localized at the
tip of the capacitance probe, with a sampling volume of only ~0.06 ml,
roughly 60 particles; its scale of scrutiny is more similar to the normal
stress sensor that is mounted on the inner wall.
4. Modeling and simulation

Discrete element method (DEM) modeling has been used to simu-
late granular flow in a variety of applications [21–26]. DEM has the ad-
vantage of treating interactions of multiple particles and their boundary
conditions. Specifically, DEM has the ability to predict detailed behavior
on a meso-scale, including collisions, stress-network statistics, and lo-
calized fluctuation in stress and packing. On the other hand, there are
practical limits to the size of the system that can be interrogated with
DEM, and limits to the breadth of size distributions. For this reason, the-
oreticalwork and experimental collaborationwithDEMsimulators tend
to use relatively mono-disperse spherical particles (e.g., glass beads, or
similar with reduced stiffness) as model systems. To further simplify
modeling, large granular packets have been used to represent clusters
of particles [27]. DEM models require detailed information on particle
properties and parameters for contact interactions (frictional coeffi-
cients, restitution, and stiffness modulus).

Continuum modeling approaches using constitutive relations are
useful in extending measurements from one device to the prediction
of flow in other geometries. Continuum models require input parame-
ters corresponding to the constitutivemodels being used. In the current
work, the 3D Couette is used to develop intermediate-flow constitutive
models based on a power-law rheology for stress as a function of strain
rate, i.e., shown by the data in Fig. 8.
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Fig. 9. Solids' packing fraction calibration of capacitance sensor data with 1 mm glass
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4.1. 2D hopper discharge and jamming

Kondic and Shattuck ran two types of simulations in comparison to
the 2D dataset: 1) volume flux comparisons using a relatively large
dimensionless orifice; and 2) clogging probability with relatively small
dimensionless orifices. Each simulator used code that replicated the
2D experimental system, implementing equations of motion with
force and inertial balances [28]. The Shattuck model used a velocity de-
pendent coefficient of restitution [29].

Volume flux studies considered the time-to-empty the 2D hopper
containing a volume of disk particles (same as the experimental sys-
tem) as a function of the orifice size, made dimensionless by the particle
diameter (D/dp). As a means to calibrate the model's parameters to the
experiment, the time to empty the hopper was measured over a range
of particle friction and restitution coefficients (Fig. 11). The particles'
static friction coefficient had a marginal effect on the emptying time.
The particles' restitution coefficient had only weak affects on flux.
Comparisons between model and experimental results were done for
relatively large orifice sizes (D/dp ≥ 4.5), i.e., without clogging. Flux sim-
ulations were similar, but marginally faster compared to experimental
data (simulated emptying time ranged from 12.2 to 13.4 s; experimen-
tal emptying time was 15.87 +/− 0.05 s).

The simulated flow rates followed the 2D Beverloo relationship
(Eq. (3)) and were consistent with experiments showing increasing
flux with steeper hoppers. However, analysis of the flux in terms of
Beverloo parameters showed differences between simulation and
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Fig. 11. Calibration of 2D hopper simulations by adjustment of particle friction and
restitution parameters. Simulated emptying times are marginally faster compared to
experimental results: 15.87 +/− 0.05 s.
experiment. In the simulations, the value of the Beverloo “k” coefficient
trendedwith the hopper half angle (Fig. 12). In contrast, the experimen-
tal results showed a constant value of “k” independent of the hopper
angle (Fig. 2a).

The study of jamming evaluated the distribution of survival times
between jamming events with arrested flow (i.e., clogs) as a function
of dimensionless orifice size and hopper half-angle. The survival time
(λ) is the time between clogs, where the jams form stable arches at
the outlet. In this regime, the material parameters become very impor-
tant; both energy dissipation (i.e., restitution coefficient must be b1)
and a model having static friction were necessary to create jams with
stable arches.

The comparative study focused on configurations with relatively
small dimensionless orifice sizeswhere clogging occurswith reasonable
frequency; nevertheless, it was necessary to carry out a large number of
independent realizations in order to obtain statistically meaningful re-
sults. In this aspect, the evaluation of jamming statistics as measured
by arrested-flowwas tedious; it begs the question of how to better eval-
uate statistics (experimental and simulation) that are relevant to jam-
ming and other fluctuations in the stress and flow fields.

For relatively small dimensionless orifices (D/dp b 4), the averaged
results obtained from these realizations (40 realizations for each case
of opening size, D, and half angle, α) showed an exponential trend in
the distribution of survival times. When scaled with D and the half-
angle dependent “k” values, the survival time realizations for shallow
hopper angles (α ≥ 60°) are remarkably consistentwith the exponential
trend seen in experiments (Fig. 13). On the other hand, simulations
seem to under-predict survival times for steeper hoppers.
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Clogging probability itself appears to be independent of the number
of particles remaining in the hopper, or at least any variation of this
probability is within the statistical variation of the results. When larger
openings are considered, such that clogging is possible but not probable,
the quality of the exponential fit is rather weak, suggesting that very
large numbers of realizations would be needed to either prove or dis-
prove the proposed exponential law. In the case of even larger openings,
clogging does not occur, and the outflow of particles is continuous. For
the considered bi-disperse distribution of particle sizes, the critical
value of the hopper opening, beyond which jamming does not occur,
at least for the number or realizations carried out, is found to be be-
tween 5 and 6. Both small and large openings lead to the values of the
mass flux that are in good agreement with the predictions based on
Beverloo's formulation.

Flow and forcefield realizationswere calculated by spatial averaging
over cells of size 2 × 2 (in units of dp) and time averaging as done in the
experimental part of the project. More precisely, the results are first
time-averaged over the interval of 1/100 s, and then averaged over
the spatial domain of the simulation that isfilledwithparticles. Thefluc-
tuation plots show standard deviation of the 1/100 s averages.
Fig. 14. Simulated velocity and stress fields in 2D hopper with half-angle 30° from vertical:
fluctuation. Velocity data have units of cm/s; force data are in units of particle mass · gravity, w
Simulations and experiments show good agreement in velocity
profiles, both in mean velocity and velocity fluctuation profiles,
i.e., comparing Figs. 4 and 14, a & b. We also find a qualitative similarity
between stress patterns in experiments (Fig. 4, c & d) and force patterns
in simulations (Fig. 14, c & d). However, the simulations predict relative-
ly higher mean force near the wall of the cone and lower force fluctua-
tions, compared to experiments. This result suggests that simulations
can provide good agreement with experimentally measured flow dy-
namics. On the other hand, contact models responsible for stress pre-
diction are in need of enhancement and/or further tuning.
4.2. DEM of 3D axial Couette with periodic volume-limited
boundary conditions

Wassgren's group (w/R. Kumar and A. Sarkar) approached the 3D
problem as a parametric study using a periodic shear cell with constant
volume boundary conditions (i.e., the packing fraction was an input pa-
rameter). The periodic shear cell is shown in Fig. 15a. With the goal of
matching the experimentally reported shear and normal stress data at
15 RPM (γ

�
=3.14; τ/σ ~ 0.70), they adjusted parameters including elas-

tic modulus (E= 0.1 to 100 MPa), sliding friction coefficient (μs = 0.01
to 1), dimensionless rolling friction (μr/dp = 0 to ∞), and packing frac-
tion (ν = 0.58, 0.60, 0.62). While the simulation's periodic boundary
conditions accounted for material above and below the cell, the pres-
sure gradient due to gravity was ignored. Static friction was not used
in the simulation code. The roughened boundary conditions were
modeled by virtually gluing particles to the boundary at various spacing
(s/db = 1 to 2.5).

At higher volume fraction (ν N 0.6) and volume-limited boundary
conditions, simulations indicate nearly elastic bulk behavior with nor-
mal stress values several orders of magnitude greater than values re-
ported in the experiments. At slightly reduced solid fraction, the
simulated normal stresses fall several orders of magnitude, indicating
that in the dense regime, stresses are sensitive to even small changes
in solid fraction. Similar observations are also reported by Campbell
[1], who states that, “… a 2% concentration reduction can be accompa-
nied by nearly three orders ofmagnitude of stress reduction”. Assuming
a glass bead modulus of 71 GPa, the scaled value of the normal stress
measured experimentally is given by σzz/E = 1.17 kPa/71 GPa =
1.65e−8. This is closer to the simulated values obtained for ν = 0.58,
suggesting that the solid fraction is smaller in the sheared region.
a) average velocity; b) velocity fluctuation; c) average force on a particle; and d) force
here 1 unit = 1.46 mN.
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Fig. 15. Schematic of the periodic shear cells used by Wassgren: a) simplified parallel shear cell; b) 90-degree periodic shear cell simulation geometry.
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Results for the simulated shear/normal stress ratio (τzy/σzz in co-
ordinates of Fig. 15a) trended systematically lower compared to the ex-
perimental data (0.73) or fitted rheologymodel (0.70) in Fig. 8, typically
ranging from0.2 to 0.4 in the parameter studies. A closermatchwith ex-
periments (Fig. 16) was achieved by eliminating inter-particle rolling,
i.e., setting μr/dp → ∞; in this case, only sliding friction was allowed,
μs = 0.8. This result suggests the extent to which relatively stiff stress
networks can influence transmission of shear stress in the intermediate
regime, i.e., the critical characteristic of force chainsmaybedescribed by
the rolling impediment at particle–particle links within a given chain.
Alternatively, the tangential forcemodel could have been adjusted to in-
crease its resistance, analogous to the static friction model used in the
2D hopper simulations.

The need to eliminate rolling interactions suggests that there may
have been uncontrolled features in the experimental system of 1 mm
glass beads. The simulations assumed that the beads were smooth
spheres; however, the results suggest that there may have been subtle
features such as surface roughness and/or shape eccentricity that im-
pede rolling. To note, other experimental data from the same 3D axial
Couette system but with finer glass beads (0.1 mm) show a stress
ratio that is closer to Wassgren's simulations with rolling friction, in
the range of 0.2 to 0.4 [30].

The effect of the periodic boundary conditions was also tested, com-
paring simplified parallel shear (Fig. 15a) to a 90° section representing
the 3D Couette with axis along z-direction (Fig. 15b). Curved boundary
conditions made a statistically significant difference in the simulations,
reducing the average shear stress by about 20%.
a

Fig. 16. Convergence of simulations to experimental data: a) best convergence when particles d
plotted as a function of the shear rate for a range of solid fractions without rolling interactions
4.3. DEM of 3D axial Couette with periodic stress-limited
boundary conditions

Since the stresses are a product of the overburden and the induced
motions in the particle bed, Campbell felt that it was instructive to sim-
ulate the entire vertical extent of the experiment, conserving on the
number of particles by only simulating a periodic slice as shown in
Fig. 6b. The experimental wall boundary conditions using sandpaper
with a roughness height roughly equal to the particle diameter was a
challenge for simulation because the sandpaper was not well character-
ized regarding spacing of sand grains, their shape, and their elastic or
frictional properties. There was also concern that the backing paper
might add compliance to the boundary that could be significant in
dense flows of stiff particles (e.g., glass beads). Similar to Wassgren,
Campbell chose to simulate the rough boundary using spheres identical
in size to the test particles, attached to the wall in a regular hexagonal
pattern with a roughness spacing having s/db= 2.0, allowing test parti-
cles to penetrate to the wall between the attached spheres.

Early simulations proved the utility of studying the full system. An
examination of the wall stresses showed that the flowwas not fully hy-
drostatic and the Janssen stress on the walls of the Couette was signifi-
cant; i.e., wall friction supported some of the material overburden. On
the other hand, the wall stress continually increases, following an ap-
proximately linear trend as the material flows from the top to the bot-
tom of the Couette; it does not approach a constant value as predicted
by Janssen theory. Thus, the experiment appears to have a combination
of wall friction and hydrostatic effects (Fig. 17).
b

o not roll against each other (μr/dp→ ∞) at 15 RPM; b) predicted shear/normal stress ratio
, i.e., μr → ∞. The dashed line is the experimental fit obtained in Fig. 8.
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Initially, Campbell used a novel computational method to simulate
the large system (about 160,000 particles in the slice shown in
Fig. 6b). Computational loadwas increased by the small time-step need-
ed to accommodate the stiffness of glass beads (typical E ~ 60 GPa). The
initial simulations were run on four 4-core machines, three of which
were hyper-threading, allowing 19 simulations to be run simultaneous-
ly. To speed up the simulation, a hitherto untried method was used to
speed the convergence of the simulation. The first simulations were
begunwith reduced stiffness (two orders ofmagnitude smaller than ap-
propriate for glass) and a 10× longer time-step, requiring one tenth of
the time to come to convergence. On reaching a converged state, the
simulation was restarted and the stiffness slowly ramped up (and the
time step ramped down) until reaching a value appropriate for the ex-
perimental glass beads. However, even after allowing the simulation
to converge for some time, it was found that the average normal stress
data were roughly an order of magnitude larger than one would expect
from hydrostatic loading. It was surmised that residual stresses were
locked into the system and as a result, the convergence is much slower
than hoped andmuch too slow to be completed in the time allowed. The
high-stiffness results were discarded and additional simulations were
conducted at lower stiffness (E ~ 625 MPa) for inclusion in the
Collaboratory.

By simulating the full section of the Couette using particles with re-
duced particle stiffness, Campbell obtained data relevant to the spatial
distribution of shear and stress fields in the 3D device. Representative
average velocity and packing fraction data taken from themiddle height
of the Couette are shown in Fig. 18a. There are several interesting fea-
tures. Note that there is always velocity slip at the rotating inner cylin-
der, and much of the material is stagnant with virtually no slip against
a

Fig. 18.Results of stress-bounded 3D axial Couette simulationswith 1mmparticles (glass beads
average tangential velocity (Uθ) relative to the rotating inner wall (Uwall) and average solid p
measured at middle height position (L − z) / L = 0.5; b) solid fraction across the shearing gap
the outer wall. Perhaps the most noticeable feature in the solid fraction
profile is that the solid fraction is reduced where the material is shear-
ing. The radial gradient in solid fraction is also seen experimentally, al-
though not to the same extent: the experimentally-measured shear
band was reported to be ~18 particle diameters [31], whereas the sim-
ulation results show a much narrower band of about 4–5 particles.

In most cases, the solid fraction is nearly uniform throughout the
stagnant region, but interestingly, in profiles near the top of the shear
zone, the solid fraction has a maximum just outside the shearing zone
(Fig. 18b). While the reason for this is not completely clear, a promising
explanation is the generation of a local compression band via centrifugal
forces within the shear zone. In a cylindrical systemwhere stress is dis-
tributed over a wider area as one moves radially outward, the centrifu-
gal effect would be strongest in the region closer to the inner cylinder.
Additionally, note that the solid fraction is reduced next to the outer
wall even though the material is stagnant; this is an effect of roughness
elements which limit possible packing configurations of particles
against the bumpy wall.

In general, increasing the rotation rate of the inner cylinder increases
the width of the shearing zone, but only very slightly. The effect is no-
ticeably stronger for boundary conditions with more roughness.

Measured velocities and solid packing fractions are averaged over
long periods of time. Over this time averaging, apparently stagnant
zones and locally compressed bands may be unsteady, with brief pe-
riods of dilation and flow, then resuming a relatively stagnant state,
i.e., a quasi-static flow regime having stick-slip behavior.

4.4. Continuum modeling approaches

In addition and in parallel to the work presented in this paper,
Tardos and Kheiripour conducted research and collaborations involving
continuum modeling of powder flows. During this work, continuum
rheological models were derived from data collected using the axial
Couette, including packing fraction and normal and shear stresses as a
function of shear rate. These models were then implemented in contin-
uumcodes to predictflowand stressfields in various geometries includ-
ing replication of flows in the Couette [20] and predicting stresses and
velocity fields in a “spheronizer” geometry [32], i.e., a centripetally-
bounded flow with a large free surface and wide shear band.

The motivation for continuum modeling comes from the fact that
engineers are quite familiar with concepts of flow of a (Newtonian)
fluid including mass and momentum balances and constitutive equa-
tions containing material characteristics such as viscosity and density,
i.e., the well-known Navier–Stokes equations that are solved to obtain
details of the flow field and forces exerted in the flow. Frictional (gener-
ally referred as Coulomb)flows of powders are different in that particles
b

simulatedwith reduced stiffness), 40 RPM,wall roughness spacing s/db=2.0: a) profile of
acking fraction as a function of radial distance in the gap between inner and outer walls
, measured at the top, middle and bottom positions of the rotating cylinder.
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are in intimate contact and friction is the overwhelming interaction.
Thus, while the same mass and momentum balances govern powder
and fluid flows, the constitutive equations are different. The goal of
the work by Tardos [33–35] and Kheiripour was to develop general
equations of motion for bulk powder flows using a fluid mechanics ap-
proach [36,37]. Constitutive equations describing the correlation be-
tween stress and velocity fields in the axial Couette were employed in
the conservation of momentum equation, enabling general equations
of bulk rheology that could be applied to other geometries [33]. This ap-
proach holds the advantage of being more familiar to a larger segment
of the engineering community and especially to students of chemical
andmechanical engineering. Further, the format is amenable to stability
studies that are essential in obtaining numerical solutions for more
complex geometries and, more importantly, amenable to numerical so-
lutions taken from Fluid mechanics.

5. Discussion of flow and stress field correlations

An objective of this study was to relate the micro-mechanics eluci-
dated by the 2D study to the 3D bulk-rheology characterization. A strat-
egy of the Collaboratory was to use modeling as a means to connect
scales, from micro-mechanics of particle–particle and particle–bound-
ary interactions,meso-scale interactions of clusters and stress networks,
and bulk-scale rheology. An important aspect of dense granular rheolo-
gy is the fluctuation of stress and flow fields, including their correlation
and anti-correlation behavior.

The Collaboratory has 2Ddata, experimental and simulation, on both
micro- and macro-scales. There is reasonably good quantitative agree-
ment between simulations and physical experiments of flux (flow
rate) and clogging probability. Additionally, there is good qualitative
agreement on velocity spatial distributions and their temporal fluctua-
tions in the 2D hopper. Inferring mechanisms contributing to temporal
velocity fluctuations, the data show wave-like patterns in the local
packing fraction; dilation waves appears to rise upward in the cone, en-
abling downward particle acceleration in the wake of the dilation front.
This resulting increase in flux is limited at the outlet where transient
jams partially interrupt the flow, leading to increased local packing.
This observed pattern is somewhat periodic in its dilation/jamming be-
havior, at least in terms of resultant velocity fluctuations. Speculatively,
the cyclical nature of dilation and jamming may be related to the ob-
served clogging probability functionality. Development of statistical
tools for comparison of experimental and virtual ensembles, both
spatial and temporal, could improve the quantitative basis for model
validation and provide a more robust foundation for mechanistic
understanding.

There is less consistency regarding prediction of stress fields in 2D
flows; compared to experiments, simulations predict lower relative
stress fluctuation. In this aspect, additional causal effects of stress net-
works on rheology (i.e., the extent to which stress networks affect
dynamics of local packing and particle velocity) remain uncertain.

The 3D experimental datasets have information on shear stress, nor-
mal stress, and packing fraction; however, the data do not directly cor-
relate with regard to the micro or meso-scale aspects of the flow. The
shear stress is derived from themeasured torque on the bulk flow, eval-
uated over the full sample volume, while normal stress and packing
fraction measurements reflect much smaller sampling volumes at dif-
ferent locations in the axial Couette device. The 3D simulation data
show qualitative agreement in flow field behavior, and could bemanip-
ulated (i.e., by adjusting friction) to achieve similarity in stress; how-
ever, the quantitative details of local packing gradients in the shear
gap and fluctuation thereof remain uncertain.

Ideally, one would like to link the micro- and meso-scale informa-
tion from simulations to the bulk-scale rheology; however, the current
experimental work does not allow for direct validation of micro-scale
phenomena in the 3D Couette, only by inference to the bulk-scale mea-
surements that are made in separate spatial and temporal reference
frames. Direct validation remains a challenge going forward for experi-
mentalists; and better inferential tools could be useful in a modeling
context.

From the bulk rheology data, one can infer force chains spanning the
shear gap in the 3D axial Couette flow; the force chains resist flow in
proportion to a power-law shear rate rheology. While onemust be cau-
tious extending 2D hopper observations to the 3D Couette flow, one can
infer packing and velocity fluctuations in the downward axial direction
of the 3D Couette under continuous flow operationmay be analogous to
the wave-like patterns observed in the 2D hopper flows. Combining
these effects suggests interaction between axial packing fluctuations
with the radial and tangential components of force chains; as the
shear rate increases, the dynamics of stress network breakage may lag
the axial flow, resulting in greater packing fluctuations in the shear gap.

6. Conclusion

The IFPRI program in rheology of dense particulate flows brought
focus to intermediate regime flows, having dense packing and flow
rates of relevance to many industrial unit operations. Understanding
how to control and manipulate dense flows and their associated stress
fields can have a positive impact on productivity and quality of systems
comprising such operations. From an industrial perspective, exploring a
wider range ofmodeling techniques to describe critical features of flows
and boundary-conditions could be helpful, for example, regime map-
ping and development of scaling rules based on the emerging physics
of intermediate flows.

Toward the goal of linking the physics of intermediate flows across
the 2D and 3D datasets, this collaborative study showed the need to
model transitions between static and dynamic particle interactions.
This finding is a common result of both 2D and 3D simulation results.
In the case of 2D Hopper flow, including static friction was essential to
matching the experimental emptying times over the range of hopper
angles tested. In the case of 3D axial Couette flow, the parametric
study clearly identified the importance of impeding rolling friction as
ameans to transmit stress through the granularmedium. Thesefindings
support the concept of inter-particle contact networks (i.e., force
chains) having static-like behavior capable of localized jamming and
transmission of stress over finite temporal intervals, where the ability
of the system to dynamically form and break such networks on a scale
that is comparable to the shear rate is a characteristic of the intermedi-
ate regime. Fluctuating stress fields in dense flows remain a challenge
for both modeling and experimental measurement. Related studies
using continuum rheology, although semi-empirical, suggest that a
combination of discrete element and continuum mechanics may be
complementary in future collaborations.

Challenges inherent to the study of dense granular rheology persist
in bridging micro-, meso- and bulk-scales, along with the comparison
of systems based on their ensemble statistics: both flow and stress
fields. There is clear value in having a simplified system (i.e. 2D hopper)
allowing direct measurement of both local and bulk rheology; develop-
ment of improved statistical tools for comparison of such experimental
and virtual ensembles can improve the quantitative basis for model val-
idation and provide a more robust foundation for mechanistic under-
standing. Direct validation of local rheology in realistic 3D systems
remains a challenge going forward for experimentalists. While one
must exercise caution in linking simple and complex systems, multi-
scale observations from simplified systems may be useful toward im-
proved mechanistic understanding of granular rheology in realistic sys-
tems with more complex materials.

7. Dedication

This paper is dedicated to thememory of Dr. Roger Place. A graduate
of Imperial College (Chemical Engineering and Technology, 1961, PhD
1964), Roger's affiliation with the International Fine Particle Research
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Institute began as an industrial representative of Tioxide in 1989,
and then continuing as IFPRI Vice President and Academic Liaison
from 1996 until his passing in 2013. Roger was the principal orga-
nizer of the IFPRI-sponsored Powder Flow Workshop (Bremen,
Germany, 2003), extending through the Powder Flow Working
Group (Appendix 1) and the Collaboratory work presented here.
Roger was an active and enthusiastic member of the broader particle
technology community, including the AIChE Particle Technology
Forum and IChemE Particle Technology Special Interest Group. We
will miss Roger's passion and perception, always provoking alterna-
tive views and challenging conventional assumptions.

List of symbols used
A, B Parameters in half-angle dependent hopper discharge

coefficient
A(r) field value, coarse graining
b pre-exponential factor in power-law rheology
C Beverloo discharge coefficient
C90 Beverloo coefficient for flat-bottom hopper (α = 90°)
D orifice size
db bead size used to create surface roughness in 3D Couette

models
dp particle diameter
E modulus of elasticity
g gravitational acceleration
h thickness of disk particles in 2D hopper experiments
i particle index, coarse graining calculations
k Beverloo coefficient for boundary layer thickness
L height of rotating cylinder in 3D axial Couette experiments
n exponent in power-law rheology
p() momentum field, coarse graining
Q mass flow rate
R, r radial coordinates
s spacing of beads used to create surface roughness in 3D

Couette models
U velocity
x, y, z spatial coordinates
α hopper half-angle, from vertical
γ
�

shear rate
φ internal friction angle
λ time interval between jamming events in 2D hopper

experiments
μs, μr friction coefficients: static, rolling
ν solids packing fraction
θ tangential coordinate
ρb, ρs density: bulk, solid
ρ() density field, coarse graining
σ normal stress
τ shear stress
ψ() smoothing function, coarse graining
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Appendix 1. IFPRI's support of powder flow research since 1985

Since its inception in 1979, IFPRI has sponsored projects in dry pow-
der flow including fine-powder handling, aerated powder flow, various
aspects of fluidization andfluidized-bed reactors, inter-particle forces in
dry particle flows, rheological methods applicable to a range of dry flow
regimes, pneumatic conveying, mixing, and segregation. In 2004, IFPRI
sponsored a Powder Flow Working Group, including both academic
and industrial representatives. The Working Group members wrote a
series of short articles collected in a review [38] outlining research
directions for consideration in advancing fundamental knowledge on
powder flow of relevance to chemical, pharmaceutical, civil andmining
industries, geophysical sciences, and fundamental research on granular
and granular-fluid flows. This reviewwas foundational in the definition
of the experimental projects presented in this paper (Tardos, Behringer)
and the NSF collaboration with the modeling community.

A list of the IFPRI-sponsored projects in particulate flow is as follows:

• Aerated powder flow; Nedderman, Rathbone (Cambridge) 1985.
• Estimation of powder yield locus & its application to design; Makino
(Akita) 1985.

• Method of characterizing the flow of aerated powders; Lloyd, Webb,
(Loughborough), 1986.

• Unification of wet, intermediate and dry granular flow— a theoretical
approach; Buggisch (Karlsruhe), 1988.

• Characterization and prediction of powder flow; Geldart, Woodcock
(Bradford), 1989.

• Granular shear flows: fluid/solid solid interfaces, impact strengths and
self-diffusion; Campbell, Zhang (USC), 1992

• Rapid Shear of fine powders; Jackson (Princeton) 1992.
• The discharge of fine powders from Conical hoppers; Nedderman
(Cambridge) 1993.

• Turbulent gas–particle flow in vertical risers; Jackson, Sundaresan,
Dasgupta (Princeton) 1995.

• Bubble and elutriation control in fluidized beds with electric fields;
Colver et al. (Iowa) 1997.

• A review of instrumentation for dense gas–solid flows; Louge
(Cornell) 1997.

• Mixing and segregation in industrial processes; de Sliva (Telemark)
1997.

• Measurement of fluidization dynamics in a fluidized bed using capac-
itance tomography; Beck, Dyakowski, Wang (UMIST) 1998

• Discrete particle simulation of gas–solid flow— effect of inter-particle
collision; Tsuji, Tanaka et al. (Osaka) 1998.

• Experimental rapid shear flow; Louge (Cornell) 1998.
• Rapid shear flow of granular materials; Sundaresan (Princeton) 1998.
• Test methods for measuring flow properties of bulk solids, Schwedes
(Braunschweig) 1999.

• Suspension paste and powder flow— prospects of a unified approach;
Melrose (Cambridge) 1999.

• Characterization of the rheo-mechanical properties of wet-mass
powders; Tomas (Magdeburg) 2001.

• Biaxial shear cell; Scarlett, Janssen (Delft) 2000.
• Powder mixing and segregation; Muzzio et al (Rutgers) 2001.
• Study on fundamentals of mixing of powders with emphasis on
cohesive systems; Sommer (Munich) 2002.

• Inter-particle forces in powder flow; Pollock & Jones (Lancaster) and
Geldart & Verlinden (Bradford) 2002.

• Granular flows in the intermediate regime; Tardos (CUNY) 2002.
• Studies of the fundamental interactions between a gas and agitated
particles; Louge et al (Cornell) 2002.

• From wet to dry; Brady (Caltech) 2003.
• Workshop — powder flow in the intermediate regime; Place et al
(Bremen) 2003.

• IFPRI Powder Flow Working Group. Academic: Behringer (Duke),
Louge (Cornell), McElwaine (Cambridge), Pfeffer (NJIT), Sundaresan
(Princeton), Schwedes (TU Braunschweig); Industrial: Jacob (Dow),
Halsey (Exxon), Michaels (Merck), Mort (P&G); IFPRI: de Jaeger,
Place; NSF: Mountziaris. 2005.

• Mixing of powders and granular materials by mechanical means;
Bridgwater (Cambridge) 2008.

• Constitutive characterization of dense flows in the intermediate
regime; Tardos (CUNY), 2010.

• Dynamics and rheology of cohesive and deformable granular
materials; Behringer (Duke), 2013.
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• Effect of tribocharging on powder packing; Castellanos (Sevilla),
current.
Appendix 2. Summary and lessons from the Collaboratory

The IFPRI-NSF Collaboratory in Dense Particulate Flow launched in
August 2010. A workshop was held adjacent to the IFPRI Annual Meet-
ing in June 2011 (Chapel Hill, NC); attendees included experimental and
modeling participants of the Collaboratory along with IFPRI members.
The final report for the grant (NSF1010008) was completed in April
2012.

The overarching objective of the Collaboratory was to engage a
broader community of industrial and academic researchers, modelers
and engineers in defining relevant regimes of dense particulate flow,
the underlying physics therein, and the effect of boundary conditions,
material properties and particle characteristics on dense granular
rheology.

Each of the modeling participants was invited to simulate either the
2D hopper or 3D axial Couette experiments, as described in this paper.
Key features of the 2D challenge included prediction of local density, ve-
locity, and pressure fields in the hopper, along with jamming and clog-
ging probability as related to force chains and arch formation. The 3D
challenge included prediction of solids fraction, velocity field, normal
and shear stress fields, and constitutive relationships between flow
and stress fields.

A first goal was to validate and calibrate models against a chosen
experimental dataset. Given the 2D hopper with disk particles was a
model system, its challengewas to achieve reasonable predictionswith-
out parameter adjustment. Recognizing the higher complexity of 3D
axial Couette system designed as a rheometer for natural and/or indus-
trial materials, it was anticipated that its models would need tuning
using adjustable parameters, for example, describing material proper-
ties in the system, i.e., particles and/or boundaries. A second stated
goal was to apply the calibrated model to a second system, anticipating
that this would seed the overarching objective of the work.

The 2011 Workshop brought participants together face-to-face to
discuss experiments, modeling approaches and results. It quickly be-
came apparent that the challenge of addressing the first goal exceeded
the Collaboratory's resources. Workshop interactions were very con-
centrated and set the seed for individual authors on this paper to con-
tribute additional modeling work up to the submission of the final NSF
report in 2012; however, it did not allow for productive interaction of
the 2D and 3Dmodels. This paper provides closure on the Collaboratory,
and documents lessons learned along the way.

Overall, simulations were successful in providing qualitative insight
into the internal workings of the experiments. Regarding flow fields,
relatively good quantitative agreement was achieved in both 2D and
3D cases. For jamming and arching in 2D, reasonable agreement was
achieved with parameter adjustment. Quantitative stress field predic-
tions provedmore difficult in both 2D and3D cases.While the prognosis
regarding quantitative prediction of dense granular rheology based on
DEM models remains a challenge, the quality of the insight obtained
through this study is enough to merit further work

Given that natural and industrially relevant materials comprise an
even more challenging range of properties (complex modulus, defor-
mation, cohesion, etc.) and characteristics (shape and size distributions)
compared to model materials typically used by academics, it is antici-
pated that a comprehensive treatment of intermediate regime flows
will require substantially greater funding and broader collaborative ef-
fort. In the meantime, a wider range of modeling techniques including
regime mapping and quasi-continuummodeling could help. In spite of
the difficulties in DEM modeling of flows within the 3D axial Couette,
its usefulness as an experimental probe of dense-phase rheology
makes it relevant for future modeling work.
Of equal importance, muchwas learned about how to run a collabo-
rative study in the future. Perhaps themost important lesson is that the
modelers should have been involved in planning the experiments from
the beginning. In a challenge of this scope, critical aspects needing co-
ordination between experimentalists and modelers include the practi-
cal implications of selected material properties, particle characteristics,
and boundary conditions. The fundamental question of how to ap-
proach packing fraction, as a controlled parameter or measured output,
is critical in linking experiments andmodels. Further coordination is ad-
vised regarding instrumentation, i.e., the extent that packing, stress, and
flow measurements can be correlated, spatially and temporally. Addi-
tionally, a multi-scale challenge (e.g., from particle contacts, to force
chain and packing fluctuations, to bulk rheology) benefits from coordi-
nation of experiments, models, and theoretical hypotheses.

Furthermore, it might help if themodelers were involved in the con-
ceptual design of the experimental program as simplified experiments
can elucidate important modeling parameters including contact me-
chanics in denseflows (normal and tangential), transition between stat-
ic and kinetic friction, and the effect of particle shape, especially in
relation to contact mechanics. Finally, open communication is impor-
tant; having a series of workshops and/or learning events is useful in
bringing participants together, involving modelers earlier in the exper-
imental program, and promoting iterative cross-fertilization of hypo-
theses, approaches and results.
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