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Abstract

Dense non-Brownian suspensions with conservative repulsive forces between the particles are known to exhibit shear thickening, where vis-
cosity increases with applied stress due to a change in the dominant stress mechanism. At low stress, repulsion maintains liquid films that
lubricate particle interactions, while higher stress overcomes the repulsion to generate frictional contacts and leads to greater flow resistance.
Here, shear-thickened suspensions are studied in stress-controlled simulations incorporating hydrodynamic, electrostatic double-layer repul-
sion, and frictional forces; two-dimensional monolayers are studied for monodisperse and bidisperse suspensions with size ratios δ ¼ as=al
from 1.0 to 4.0, where as and al are the small and large particle radii. Small-particle fractions ζ ¼ fs=f ¼ 0:25, 0:50, and 0:75 are consid-
ered. Total area fractions of 0:71 � f � 0:82 are studied, with the larger values at greater size ratios. Flow curves for mono- and bidisperse
systems under varying stress are analyzed, along with detailed structural comparisons for different interparticle friction. We examine the
approach to shear jamming, through the emergence of rigid local clusters generated by the reduction of degrees of freedom by frictional con-
tacts. The variance of the fraction of particles in rigid clusters increases sharply near the jamming solid fraction, consistent with a second-
order phase transition description of the phenomenon. The contact fabric tensor is determined to provide a measure of the structural anisot-
ropy.© 2026 Published under an exclusive license by Society of Rheology. https://doi.org/10.1122/8.0001127

I. INTRODUCTION

The flow of dense suspensions is encountered in a variety
of industrial and natural processes. These include the manu-
facturing of cement [1,2], pastes [3,4], and chocolate [5,6],
as well as geophysical events, such as mudflows [7], land-
slides [8], and lava flows [9,10]. Understanding the rheologi-
cal behavior of dense suspensions is crucial for accurate
prediction of their mechanical response in these natural and
applied environments.

Suspensions of solid particles in a Newtonian fluid fre-
quently exhibit non-Newtonian behavior, and very strong
shear thickening and shear jamming have been shown to be
related to a transition from lubricated to frictional interactions
[11,12]. In the present study, we focus on dense frictional
suspensions with an emphasis on bidisperse systems. A
monolayer, or two-dimensional, system is studied as this
allows use of established algorithms for the evaluation of
local structures that have recently been related to the
approach to jamming [13,14].

Related work on bidisperse suspensions of frictional parti-
cles has been performed. Pednekar et al. [15] examined poly-
disperse systems and their rheological equivalents in
bidisperse formulations, for stresses above the shear-
thickening transition where the response was rate-

independent. Malbranche et al. [16] extended this work by
simulating the rate-dependent rheology of bidisperse suspen-
sions, across varying size ratios and volume fractions, dem-
onstrating that the Maron–Pierce power-law relation [17]
effectively captures the influence of these parameters. A key
outcome of these studies is that if the maximum packing frac-
tion, denoted fm(σ) in this work to indicate its stress-
dependence, is known, then an empirical viscosity model
(e.g., Maron–Pierce) can provide good descriptions of the
stress response. However, these studies did not probe this
fitting very close to jamming. Here, our focus is on study of
the regime near the maximum packing fraction and the transi-
tion from flowing to shear jamming, seeking to deduce the
defining characteristics of the events leading to this transi-
tion. Particular emphasis is placed on probing the microstruc-
tural origins of shear jamming, which are shown here—by
extension of related prior work [13,14]—to result from the
development and percolation of rigid clusters induced by
stress-induced frictional contact. Additionally, we analyze
and quantify for the first time in a dense suspension flow the
contact network fabric and show how this depends on the
solid fraction for varying bidispersity parameters.

Dense suspensions under shear exhibit shear thinning
[18,19] as well as the noted shear thickening [20,21] and
shear jamming [22,23]. Shear thinning or thickening implies
a decrease or increase of the apparent viscosity with shear
rate, while shear jamming implies that a material is driven
from a flowing state to a jammed solid by imposed stress. In
the concentrated suspensions of interest here, both

a)Author to whom correspondence should be addressed; electronic mail:
morris@ccny.cuny.edu
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discontinuous shear thickening (DST) and continuous shear
thickening (CST) may occur. DST is characterized by an
onset solid fraction at which @η=@ _γ ! 1, with larger f
showing stress (or viscosity) discontinuity when presented as
a function of the shear rate _γ. CST corresponds to a more
gradual increase in viscosity with increasing shear rate. Shear
jamming is encountered at sufficiently large stress when
f � fμ

m (often denoted fμ
J ), which represents the jamming

solid fraction at asymptotically large stress, i.e., for stresses
large enough to overcome any repulsive interactions
[22,24,25]. Here, μ represents the interparticle friction coeffi-
cient and indicates that fm depends on μ, generally decreas-
ing as μ increases. We will denote the maximum flowable
packing fraction at lower stress as fm(σ), omitting the μ
dependence, to show that the material may exhibit a different
maximum flowable fraction as stress increases, as shown for
dense bidisperse suspensions in Malbranche et al. [16].

The current work does not address the shear-thickening
behavior, but instead describes an investigation of the rheol-
ogy of two-dimensional (2D) dense bidisperse suspensions,
for stresses above those resulting in thickening. The study
covers a range of area fraction range 0:71 � f � 0:82, and
several values of both the size ratio δ ¼ al=as and the small-
particle area fraction ζ ¼ fs=f. The spherical particle radii
are as and al for the large and small particles, respectively,
while fs is the area fraction occupied by the small particles
alone. Note that in this work, f denotes the area fraction
since we consider a monolayer of spheres. The general phe-
nomenology of dense 2D suspensions [14] agrees with that
of 3D suspensions (where f would be the volume fraction)
[15,16,26]. To simulate the suspension flow, we employ the
Lubricated-Flow Discrete Element Method (LF-DEM)
[12,27]. The LF-DEM has proven to be successful in captur-
ing key rheological features of dense suspensions, such as
DST, CST, and shear thinning; LF-DEM is detailed in
Sec. II A. This study investigates the microstructural evolu-
tion of dense suspensions under shear, with a focus on shear
jamming and stress-induced structural transitions. We
analyze contact pair distributions, flow-curve stress
responses, and anisotropy, the latter characterized for systems
with both infinite and finite friction coefficients.

Recalling that FC, tan=FC,nor , μ for nonsliding interactions
at contact between particles (FC, tan is the tangential and
FC,nor is the normal force between the pair), considering an
infinite-friction coefficient provides a limiting case in which
any compressive contact normal force between two particles
couples the rotational degrees of freedom of the pair. This
coupling is important because in dense suspensions subjected
to high shear stress, simulations show that particles are
driven into transient structures or “clusters” with reduced
degrees of freedom [13,14], and these structures are essential
to the observed viscosity increase; here, the approach to
jamming is probed and is distinct from a recent work by
Goyal et al. [28] that probed the onset of DST and the role of
percolation of structures satisfying the local isostatic condi-
tion. The clusters we consider consist of frictionally interact-
ing particles with highly correlated motion, and for
sufficiently reduced degrees of freedom, the clusters may
exhibit locally rigid motion. To characterize and quantify the

onset of rigidity, constraint-counting methods, such as
Maxwell’s rigidity criterion, provide a fundamental frame-
work [29]. Originally developed for the mechanical stability
of trusses, Maxwell’s constraint-counting method establishes
a criterion for mechanical rigidity based on the number of
available degrees of freedom (DOF) in the system. For N par-
ticles in a d-dimensional space, the total DOF can be
expressed as

DOF ¼ N d þ 1
2
d(d � 1)

� �
¼ N

2
d(d þ 1): (1)

For a 2D system, where each particle possesses two transla-
tional and one rotational degree of freedom, DOF ¼ 3N.
When the number of constraints is sufficient to fully restrict
these degrees of freedom (constraints �3N), the suspension
exhibits bulk rigidity: it is in a mechanically stable state
where the network of particle contacts resists deformation
under applied stress. However, this is a mean-field approxi-
mation and thus only provides a global condition for rigidity
and does not account for the spatial heterogeneity in contact
networks. In dense suspensions, local mesoscale structural
networks play a critical role in the material’s response to
stress [14,30]. The formation of local rigid clusters and their
percolation across the system requires a more involved
approach, for which we turn to the pebble game (PG) algo-
rithm, which is described in Sec. II B.

Shear jamming in athermal granular particulate systems,
where there is a transition from a flowing state to a shear-
jammed solid, has been extensively studied [31,32]. Bi et al.
demonstrated shear jamming in granular disks at a fixed
volume setup [33]. However, the transition to shear jamming
in dense suspensions has not been fully explored. Recent
studies have highlighted that isostatic jammed packings for
granular materials occur at a specific average shear strain hγi
from an unjammed initial state [34]. In general, the nature of
the jamming transition is governed by particle interactions,
applied shear stress, and the interparticle friction coefficient
[23,33]. For both industrial suspensions, such as those in
ceramic precursors [35] or foodstuffs [36], naturally occur-
ring suspensions, such as muds [37], and the jamming char-
acteristics also depend on the size dispersity of the mixture
[38,39]. This requires consideration of the size ratio, δ, and
the small-particle fraction, ζ. Although these systems are
technically polydisperse, they are sometimes dominated by
two distinct particle sizes, making them effectively bidis-
perse. In some muds, ζ can govern critical behaviors, such as
landslide initiation [37]. The ratio of large to small particle
sizes can be substantial—for example, δ . 10 occurs in soils
containing both sand and clay [37], in pharmaceutical prod-
ucts where excipients are mixed with active pharmaceutical
ingredients (APIs) [40–42], and in chocolate processing
where cocoa particles are blended with much larger sugar
crystals [43]. While we do not explore such extreme size
ratios, the largest value we consider, δ ¼ 4, does show
behavior that is distinct from the lower-δ cases. In addition
to the noted dependence on size ratio, we also characterize
the dependence based on the small-particle fraction ζ.
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A novelty of this work is, thus, that it addresses the structural
characteristics near and at jamming of bidisperse suspen-
sions, and relates this behavior to the rheology at a lower
solid fraction. The key findings of the work are related to the
influence of strong fluctuations of the size and prevalence of
rigid clusters at a critical solid fraction in determining the
actual jamming fraction.

In Sec. II, we describe the methods employed, followed by
results in Sec. III, and conclusions from the work in Sec. IV.

II. METHOD AND SIMULATIONS

A. Model

We perform stress-controlled simulations of a monolayer
of spheres, constrained to move in a single plane. This two-
dimensional flow is studied for monodisperse and bidisperse
spheres using LF-DEM [12]. The LF-DEM model employed
considers only short-range particle interactions and solves the
overdamped Langevin equations governing particle motion.
We include the influence of hydrodynamic FH, electrical
double layer (EDL) repulsion FR, and contact forces FC (as
well as torques), all of which are balanced to describe the
behavior of the suspension under shear,

FH(x, Up)þ FR(x)þ FC(x, Up) ¼ 0, (2)

where the hydrodynamic force is given by

FH ¼ �RFU � (Up � U1)þRFE :E1: (3)

Here, Up is the particle velocity and U1 is the imposed shear
flow velocity. The strain rate tensor is denoted by E1. We
consider simple shear flow, for which the relevant compo-
nents of the strain rate tensor are E12

1 ¼ E21
1 ¼ _γ=2, where _γ

is the imposed shear rate. Here, 1 and 2 denote the flow and
velocity gradient directions, respectively. The translational-
rotational resistance matrix is given by

RFU ¼ RStokes þRLubrication, (4)

where RStokes is a diagonal matrix that gives the (single-
body) Stokes drag force and torque for each particle and
RLubrication and RFE are sparse resistance matrices that give
the two-body lubrication forces (and torques) and drag,
respectively, and are functions of particle positions [44,45].
Repulsion in the form of an EDL is introduced for interacting
particle and is given by [46]

FR ¼ F0 � D* � exp(� d=λ) if d � 0,
F0 � D* if d , 0,

�
(5)

where

D* ¼ 2aiaj
as(ai þ aj)

, d ¼ r � ai � aj: (6)

Here, D* is a geometric factor that scales the EDL repulsion
according to particle size asymmetry. F0 is the repulsive
force that acts along the line of centers, rij ¼ ri � rj, of the

two interacting particles i and j. D* denotes the normalized
effective diameter of the interacting particle pair, where ai
and aj are the radii of the two interacting particles. The
minimum separation distance between their surfaces is given
by d, with r ¼ jri � rjj being the center-to-center distance.
The radius of the smaller particle as serves as a characteristic
length scale for normalization. The Debye length, λ, defines
the characteristic distance over which the EDL repulsion
decays and depends on the ionic strength and dielectric prop-
erties of the solvent. In this work, we set λ ¼ 0:05as to repre-
sent the strongly screened, short-ranged DLVO (Derjaguin-
Landau-Verwey-Overbeek) repulsion typical of dense colloi-
dal suspensions at high ionic strength [47,48]. This choice is
also consistent with previous studies on similar systems
[12,14,16].

Obtaining shear-rate dependent rheology for hard spheres in
non-Brownian suspensions is not straightforward. The lubrica-
tion hydrodynamic forces lack a natural force scale for compar-
ison. Once this lubrication film ruptures and hard particle
contacts are established, the resulting contact forces can, in
principle, support arbitrarily large loads. To establish a mean-
ingful comparison with hydrodynamic forces, an additional
force scale is required. This is provided by the repulsive force,
F0, which is, thus, the basis for the emergence of shear-rate
dependent rheology in the system studied here. The characteris-
tic shear rate is then defined as _γ0 ¼ F0=6πη0a

2
s , where

F0 ¼ jF0j, and the corresponding stress scale is
σ0 ¼ F0=6πa2s , where η0 is the viscosity of the suspending
fluid. We perform most of the simulations in this study at large
imposed stress of σ ¼ 100σ0, except for those cases used to
develop flow curves to illustrate the rate dependence for the
various bidisperse mixtures (see Fig. 10).

To model frictional contacts, the LF-DEM model employs
the stick/slide contact approach, incorporating springs and
dashpots (Cundall–Strack model) [49],

FC,nor ¼ knhþ k0nUn, (7)

FC, tan ¼ ktξ, (8)

TC ¼ ai � FC, tan: (9)

Here, kn and kt are normal and tangential spring constants,
respectively, and k0n is the damping constant, Un is the
normal component of the pair relative velocity, ξ is the tan-
gential spring stretch, and h is the nondimensional interparti-
cle gap, h ¼ 2d=(ai þ aj). For nonsliding frictional contacts,
the interaction force satisfies the Coulomb friction law
FC, tan � μFC,nor, where μ is the coefficient of friction. We
perform stress-controlled simulations, wherein the shear rate
and particle velocity are computed for each time step as

_γ ¼ σ � σr � σc

η0(1þ 2:5f)þ ηh
, (10)

ηh ¼ V�1 RSE �RSU �R�1
FU �RFE

� �
:E1

� �
12, (11)

CONTACT NETWORK STRUCTURES AND RIGIDITY DEVELOPMENT 345
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UP ¼ U1 þR�1
FU � (RFE :E1 þ FR þ FC): (12)

The fluid contribution to the suspension viscosity is given by
the denominator of Eq. (10)—η0(1þ 2:5f)þ ηh, where ηh is
the hydrodynamic interaction portion. RSE and RSU are resis-
tance matrices, which give the lubrication stress from the par-
ticle velocity and resistance to deformation [45], respectively,
and V is the area of the simulation unit cell. The model
employs periodic boundary conditions in the direction of the
flow and Lees–Edwards [50] periodic boundary conditions in
the velocity gradient direction.

LF-DEM has been widely employed to investigate the
rheology of dense suspensions. A few points to note about
the simulational model are: (i) The particles are suspended in
a density-matched fluid, so that there are no buoyancy
effects. (ii) External forces, such as gravity, are not consid-
ered. (iii) The suspension is non-Brownian; i.e.,
Pe ¼ 6πη0a

3 _γ=kBT ! 1. (iv) The motion is inertialess; i.e.,
Re ¼ ρ _γa2=η0 ! 0.

B. Pebble game

The PG algorithm, developed by Jacobs and Thorpe [51]
and later adapted for frictional particle systems by Henkes
et al. [52], provides a graph-theoretic approach that decom-
poses the contact network into rigid and floppy subgraphs,
allowing identification of locally rigid structures.

The PG as used here to identify rigid clusters within the
suspension’s contact network can be broken down into four
steps: (i) The LF-DEM simulation identifies the frictional and
sliding contacts between the interacting pairs. In the PG, each
particle is represented as a node, and each contact is repre-
sented as an edge or bond in the graph. Frictional contacts
impose two constraints, so they are assigned two bonds,
whereas sliding contacts impose only one constraint and are
assigned a single bond. (ii) Next, the algorithm initializes each
node with pebbles corresponding to its DOF. Since the system
is two-dimensional, each particle has three DOF (two transla-
tional and one rotational), and so each node starts with three
pebbles. (iii) The algorithm then covers bonds with pebbles,
moving these from the particle center to the bond. A bond can
have a maximum of one pebble. A bond that accommodates a
pebble is considered a necessary constraint, whereas any bond
that remains unoccupied by pebbles is deemed redundant. The
number of remaining pebbles per node after redistribution pro-
vides the available DOF at each particle. (iv) Finally, rigid
clusters are identified by locating the largest subgraphs where
the number of leftover pebbles is three or fewer, as three DOF
is the maximum allowable for a rigid structure in two dimen-
sions. A system-spanning rigid cluster indicates that the sus-
pension has transitioned into a mechanically stable state. Note,
however, that the slight deformability of our particles (and
greater deformability in prior studies of suspensions using the
PG algorithm [13,14]) is not accounted and may allow motion
to continue despite the satisfaction of this condition for global
rigidity.

Unlike Maxwell’s mean-field approach, which assumes
homogeneity, the PG captures the spatially heterogeneous distri-
bution of constraints, revealing localized rigid clusters. This

rigidity metric considers only frictional constraints, neglecting
repulsive and hydrodynamic forces that can destabilize clusters
and enable viscous flow, so the resulting structures are termed
“minimally rigid” [13]. The PG algorithm is currently defined
only for two-dimensional networks, which motivated our focus
on a 2D suspension in this study. At present, no established
analog of the pebble game exists for three-dimensional systems.

C. Suspensions

The 2D simulations in this study consider N ¼ 1000 fric-
tional particles. For monodisperse suspensions, f (area frac-
tion here and volume fraction in 3D) is used as the primary
characterization parameter. However, for bidisperse suspen-
sions, additional parameters are required. The ratio of the
radii of large al to small as particles is given by

δ ¼ al
as
: (13)

The area ratio is the fraction of the total solid area occupied
by small particles,

ζ ¼ fs

f
: (14)

Simulations are performed in the dense regime, at area
fractions in the range 0:71 � f � 0:82. The size ratios
studied span from monodisperse (δ ¼ 1:0) up to δ ¼ 4:0,
with intermediate values δ ¼ 1:4 and δ ¼ 2:0. Figures 1(a)–
1(c) illustrate variations in bidispersity at fixed f and ζ,
while (d)–(f ) show variations in ζ at fixed f and δ.

We present three sets of simulations. (i) Results presented
in Secs. III A–III D are obtained from systems at the limit of
very large friction; we consider the coefficient of friction to
be infinite and denote it as μ ! 1 to describe these simula-
tions. In this limit, all contacting particles interact through
fully frictional, nonsliding contacts, for any finite compressive
normal force between the pair. The fractions of small particles
studied are ζ ¼ 0:25, 0:50, and 0.75. As noted, the simula-
tions are stress-controlled, at σ ¼ 100σ0. We choose a large
shear stress in order to allow a focus on the shear-jamming
transition as a function of f; the flow-state diagram in Fig. 2
is helpful in seeing the part of parameter space in which the
work occurs. Each run proceeds to a cumulative strain of
γ ¼ 20, with two independent replicates per condition. In this
section, we focus on rheology and contact structures close to
and at the shear-jamming condition, presenting most of the
results discussed in this work. (ii) Section III E reports flow-
curve data for μ ! 1. A small-particle area fraction is fixed
at ζ ¼ 0:50. However, the simulations are performed at differ-
ent size ratios, δ, with solid fractions chosen such that the
cases at different δ are comparably distant from their respec-
tive fm (see Sec. III E). Runs extend to γ ¼ 12, with a single
run per condition. The applied shear stress is in the range
0:05σ0 � σ � 250σ0. This section displays the collapse of
relative viscosity flow-curves for different size ratios for a
given scaled area fraction f=fm. (iii) Section III F presents
results for systems with a finite friction coefficient (μ ¼ 1),
providing an overview of the rheology at a more realistic fric-
tional state. The small particle area fraction is set at ζ ¼ 0:50.

346 PANDARE et al.
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These simulations cover a range of area fractions and size
ratios and are conducted up to γ ¼ 20, with two replicates per
condition. The results are compared directly with correspond-
ing simulations performed at μ ! 1.

We sample 100 configurations per unit of strain.
Statistically steady behavior is reached at γ � 0:35, but data
from the entire first strain unit are discarded, with averaging
done over the remaining data.

The normal contact forces are modeled as elastic. We choose
particle stiffness kn such that the dimensionless parameter

6πη0as _γ
kn

� 1, (15)

and as a result, the maximum particle–particle overlap is
approximately 1% for all cases considered.

III. RESULTS

A. Rheological parameters

It is well-established that increasing bidispersity leads to
an increase in the jamming area fraction [53], resulting in a

lower viscosity at a given solid area fraction. This trend has
been observed consistently in experimental studies [54,55]
and numerical simulations [15,16]. The primary mechanism
underlying this phenomenon is the reduction in the effective
excluded volume due to particle size disparity. In a bidis-
perse suspension, the presence of smaller particles within the
interstitial spaces of larger particles allows for a more effi-
cient packing arrangement, allowing flow to continue at
larger f. A particularly notable case occurs when the size
ratio is δ ¼ 4. In this scenario, the interstitial void formed by
four contacting large particles is sufficient to accommodate a
smaller particle, further enhancing packing efficiency. The
rheological behavior of such suspensions can be described
by a power-law relationship of the form

ηr ¼ k 1� f

fm

	 
�α

, (16)

where k is a free parameter. As a result of the power-law
relationship from Eq. (16), we may rewrite this as

FIG. 1. Overview of bidispersity and small-particle area fraction variations used in this study. All snapshots depict bidisperse systems at total packing fraction
f ¼ 0:77. Top row: Snapshots show varying size ratios δ at a fixed area fraction of small particles of ζ ¼ 0:50. From left to right, the size ratio increases from
δ ¼ 1.4 to 4.0. Bottom row: Snapshots showing increasing small-particle area fractions from left to right, ranging from ζ ¼ 0:25 to 0:75, at a fixed size ratio of
δ ¼ 2:0. Panel (b) and (e) are essentially the same snapshots. (a) δ ¼ 1:4, ζ ¼ 0:50. (b) δ ¼ 2:0, ζ ¼ 0:50. (c) δ ¼ 4:0, ζ ¼ 0:50. (d) δ ¼ 2:0, ζ ¼ 0:25.
(e) δ ¼ 2:0, ζ ¼ 0:50. (f ) δ ¼ 2:0, ζ ¼ 0:75.
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η�1=α
r ¼ k�1=α � k�1=α

fm
� f: (17)

Hence, η�1=α
r varies linearly with f with a slope of

�k�1=α=fm, with the intercept at η�1=α
r ¼ 0 yielding

f ¼ fm. The parameters fm and k are given in Table I.
According to the classic Maron–Pierce [17] equation, the
exponent is expected to be 2 and the free parameter to be 1.
Our analysis identifies a slightly higher estimate of
α(μ ! 1) ¼ 2:42. The optimal value of α was determined
by systematically varying α over a prescribed range and
selecting the value that minimized the mean-squared error
(Fig. S1 in the supplementary material). For comparison,

Fig. S1 (center) also presents the fitting for the case α ¼ 2,
with detailed fitting parameters provided in Table S1. We
report not only relative viscosity but also the particle pressure
(Π) and individual normal stresses (Σ11 and Σ22) as shown in
Fig. 3. Here, particle pressure is defined as the negative mean
normal stress Π ¼ �(Σ11 þ Σ22)=2.

The parameters fm and α are estimated by least-square
fitting of the time-averaged relative viscosity data to Eq. (17).
Refer to Fig. 4 for the viscosity data and least-square fitting
for ζ ¼ 0:50 (similar plots for ζ ¼ 0:25 and 0.75 are pro-
vided in Fig. S2 of the supplementary material). As noted,
the x-intercept in Fig. 4(b) yields the value of fm, and the y-
intercept yields k. As expected, we observe that as the size
disparity increases, the predicted viscosity divergence fm

shifts to higher values. However, we will show that large
fluctuations associated with the development of rigid clusters
cause jamming at values below the predicted fm.

The rigid particles are identified using the pebble game
algorithm described in Sec. II B; the rigid particle fraction
mrig within a single simulation configuration and the tempo-
ral average of the rigid particle fraction over steady-state
samples hfrigi are defined as follows, for N particles in the
simulation unit cell:

mrig ¼ 1
N

XN
i¼1

ni, (18)

hfrigi ¼ 1
tn

Xtn
i ¼1

mrig,i, (19)

where ni ¼ 1 if particle i belongs to a rigid cluster and zero if
it does not, and tn is the total number of such steady-state
samples. The average number of frictional contacts per parti-
cle in the contact network, excluding particles with no con-
tacts, is denoted by hZneti and defined as

hZneti ¼ 1
tn

Xtn
i¼1

Zi
Nz�1

, (20)

where Zi is the total number of frictional contacts in the ith
configuration, and Nz�1 is the total number of particles with
frictional contacts.

Figure 5 presents the time-averaged values of the rigid
particle fraction hfrigi and frictional contacts per particle
hZneti, as functions of f� fm. The parameter frig exhibits

TABLE I. Fitting parameters of the power law. The fitting parameters for Eq. (17): the maximum jamming fraction fm and free parameter k for all size ratios
and area ratios (δ and ζ) under consideration in this study are mentioned here.

ζ = 0.25 ζ = 0.50 ζ = 0.75

δ fm k fm k fm k

1.0 0.787 0.566 0.787 0.566 0.787 0.566
1.4 0.788 0.698 0.787 0.607 0.787 0.577
2.0 0.794 0.832 0.798 0.755 0.792 0.592
4.0 0.828 1.412 0.826 0.941 0.807 0.626

FIG. 2. Flow-state diagram, showing states found (or predicted for fm) for a
2D suspension for stress σ=σ0 and area fraction f. To the left of the leftmost
(red) curve is the continuous shear-thickening (CST) region, enclosed
between the leftmost (red) curve and the rightmost (blue) curve is the discon-
tinuous shear-thickening (DST) region, and the area to the right of the right-
most (blue) curve is shear jamming. Results presented in this article are at
σ=σ0 ¼ 100, a stress above the strong shear-thickening region. The
maximum packing fμ!1

m � 0:788 shown by a dashed line is estimated by
fitting mean viscosity information for f , fc; jamming may occur as low as
the critical packing fraction fc(σ) (solid circle), where we observe the onset
of strong growth of rigid clusters for the current study with hard particles (�
1% maximum overlap); fc,soft(σ) (open red circles) shows the critical fraction
[14] for less rigid particles (�10% maximum overlap). Values shown for
δ ¼ 1:4 and ζ ¼ 0:50.
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a singular behavior near a critical area fraction fc, at
fc � fm � 0:02 for the suspension with μ ! 1. As shown
in Fig. 5(b), we observe pronounced fluctuations in the for-
mation of rigid clusters as we approach the critical point fc,
with the fluctuations actually peaking at this fc. These large
fluctuations are suggestive of a second-order phase transition.
Recent study by Santra et al. [14] demonstrated that frig
grows according to a power-law scaling of the form
frig � (f� fc)

κ, with an exponent κ ¼ 1=8 for f . fc

similar to the 2D Ising model. Santra et al. considered parti-
cles softer than those in the current study, with maximum
overlaps of �10% as opposed to �1% here. They report that
fluctuations in the order parameter (mrig) grow sharply,
peaking at the critical area fraction fc, and subsequently
decay rapidly as the system approaches the jamming point
fm. This suggests that in the work of Santra et al., for
f , fc, the system is dominated by frictional contacts with
smaller overlaps, whereas for f . fc, time-dependent defor-
mations with larger overlaps allow flow. The mean number
of frictional contacts per particle hZneti, shown in Fig. 5(c),

shows a linear trend with an increase in f, and it approaches
the condition of bulk rigidity, hZneti � 3, for f ! fm. In our
simulations, we find that when fluctuations to larger values
of mrig � 0:8 take place in the fc range, jamming may occur,
and thus, the actual jamming fraction is fJ , fm, with fm

determined by fitting of the time-averaged viscosity data at
smaller f. In fact, fJ is quite close to fc (fc ≲fJ), which
we reiterate occurs at the peak of the variance of mrig.
Notably, we do not reach the Maxwell threshold for bulk
rigidity, hZneti ¼ 3. This is a result of fluctuations in Znet,
with specific configurations surpassing the threshold at suffi-
ciently large f. As f approaches the maximum values
studied, the standard deviation of the viscosity increases
sharply as seen in Fig. 4(c), as do the fluctuations evidenced
by the growth of the variance of mrig. Santra et al. [14] also
demonstrated via finite-size scaling, for 750 � N � 8000 in
2D, that the order parameter frig is controlled by a diverging
length scale at the rigidity transition. To assess finite-size
effects in our system, we carried out simulations for a subset
of system sizes, N ¼ 500 and N ¼ 2000, and found that the

FIG. 4. Relative viscosity and its variance for systems with ζ ¼ 0:50. (a) Relative viscosity ηr and (b) the linear fit for scaled relative viscosity as a function of
solid area fraction f. (c) The standard deviation of relative viscosity normalized by the mean value of relative viscosity as a function of scaled solid area fraction
f=fm; fm values are mentioned in Table I. Here, the exponent αμ!1 ¼ 2:42. All results are shown at an imposed stress of σ ¼ 100σ0.

FIG. 3. Variation of rheological parameters with a packing fraction. The rheological parameters—(a) relative viscosity ηr, (b) particle pressure Π, and [(c) and
(d)] normal stress components in the 1- and 2-directions (Σ11 and Σ22)—vary linearly with (1� f=fm)

�α, αμ!1 ¼ 2:42. Refer fm values in Table I. All
results are shown at an imposed stress of σ ¼ 100σ0.
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resulting order parameters roughly fall on those for N ¼
1000 (Fig. S4 in the supplementary material).

Jamming at conditions below the rheologically predicted
fm is not surprising if we consider that this fm is obtained
from the mean viscosity of each simulation fitted to the
power-law relation in Eq. (17). This fitting process is inher-
ently agnostic to fluctuations, as it reflects only the trend of
the mean. Sufficiently near maximum packing, however,
because this is apparently a critical transition [14], fluctua-
tions dominate and ultimately determine whether jamming
occurs. The current study, thus, illustrates that the fluctua-
tions are, in fact, related to the process of development of a
globally rigid structure from transient finite-size rigid
clusters.

B. Contact pair distribution

In a bidisperse system, one has three distinct types of pair-
wise interactions: small-small (SS), small-large (SL), and
large-large (LL). At a fixed small-particle area fraction and
N, increasing the size ratio leads to a larger number of small
particles and thus a greater number of SS interactions [refer
to Fig. 1, panels (a)–(c)]. The contact pair distribution g(θ)
describes the relative probability distribution of frictionally
contacting pairs with respect to the angle θ, defined positive
counterclockwise from the flow (or x) axis,

g(θ) ¼ zθ
�z
, where �z ¼ 1

Nθ

XNθ

i¼1

zi, (21)

where zθ is the number of contacts in the bin centered
at angle θ and �z is the mean number of contacts across all
Nθ ¼ 72 bins in the θ direction. In Figs. 6(a) and 6(c),
both plots are taken at the same relative area fraction
f=fm � 0:97, corresponding to ηr � 3500. The angular
contact pair distributions gθ for SS, SL, and LL contacts
exhibit similar trends. In Fig. 6(a), we observe a pronounced
peak near θ ¼ �π=4 (the compression axis) as illustrated in
Fig. 6(b). Interestingly, as the bidispersity of the system
increases, the contact pair distribution undergoes a noticeable

shift. At larger δ, the LL contacts are found to align increas-
ingly along the flow direction, i.e., at θ � 0, and this align-
ment is especially pronounced at higher ζ. In Fig. 6(c), at
ζ ¼ 0:75, we observe a sharp peak at θ ¼ 0. Moreover, we
also observe a milder peak at θ � π=2, which indicates that
some LL contacts are aligned along the gradient direction,
perpendicular to the flow. Figure 6(d) highlights these fea-
tures, showing the alignment of LL contacts predominantly at
θ � 0. At higher ζ, and particularly at large δ, the number of
large particles decreases, resulting in fewer LL interactions.
Details of the total number of contacts for different pair sizes,
along with the mean contact number (�z), can be found in the
supplementary material: Table S2 provides this information
for δ ¼ 1:4 and δ ¼ 4:0.

C. Pair distribution function

We examine the microstructures of the bidisperse systems
under consideration by utilizing the pair distribution function
(PDF). In a bidisperse system, the PDF for a pair of particles
i and j where i, j ¼ small (s) or large (l) is given by

gi,j(r, θ) ¼
Hjji(r, θ j 0)

Q
, (22)

where

Hjji(r, θ j 0) ¼ Nj

rΔrΔθ
, (23)

Q ¼ 1
NrNθ

XNr

x¼1

XNθ

y¼1

Hjji(rx, θy j 0): (24)

Here, Hjji(r, θ j 0) denotes the histogram of bin populations
for finding a particle of type j at a distance r and angle θ
from a particle of type i. For small–large particle pairs, this
quantity is symmetric and also accounts for finding type i
around type j. Q represents the mean of the histogram distri-
bution over all bins for a given case, while Nj is the number
of particles of type j found in a bin of radial width Δr and

FIG. 5. Order parameters. (a) Rigid particle fraction frig. (b) The variance of mrig increases sharply at the critical packing fraction, fc � fm � 0:02 here. (c)
The mean number of frictional contacts per particle hZneti approach the Maxwell’s condition for bulk rigidity hZneti � 3 close to jamming. The system shows
criticality slightly before the maximum packing fraction at fc ¼ fm � 0:02. All of the data points show a neat collapse onto a single curve. Refer fm values in
Table I. All results are shown at an imposed stress of σ ¼ 100σ0.
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angular width Δθ. Nr and Nθ denote the total number of bins
in the radial and angular directions, respectively. The pair
distribution functions gss, gsl, and gll correspond to SS, SL,
and LL pairs, respectively, while gall represents the distribu-
tion for all pairs in the system, irrespective of size. In this
work, we focus on the gsl distribution, as it provides reveal-
ing insights.

In Fig. 7, panel (a) and (b) show the PDFs for ζ ¼ 0:25
and ζ ¼ 0:75, respectively, at essentially the same relative
viscosity ηr � 3500. The snapshot for ζ ¼ 0:25 in panel (c)

shows long chains for the SL contact network, whereas for
ζ ¼ 0:75 [panel (d)], we see SL contacts being concentrated
around the relatively fewer larger particles. We can identify a
compression axis and an extension axis in the PDF from
panel (b) as compared to PDF from panel (a), and the same
can also be observed from panel (d) where the SL contacts
are more aligned along the compression axis (θ � �π=4).
The radial contact distribution g(r) given in panel (e) shows
clearly the probability peaks with distance. We see sharper
peaks for ζ ¼ 0:75 due to equally spaced large particles in

FIG. 6. Angular contact pair probability distributions. Both plots show the contact angle distributions for particle–particle interactions at ζ ¼ 0:25, 0.50, 0.75,
with area fractions chosen such that f=fm � 0:97. Distributions are resolved by contact type: SS, SL, and LL. (a) δ ¼ 1:4: Contact angle distributions and
(b) a representative snapshot illustrating force chains aligned with the compression axis. We use f ¼ 0:76 for ζ ¼ 0:25 and 0:50 and f ¼ 0:77 for ζ ¼ 0:75.
(c) δ ¼ 4:0: Contact angle distributions and (d) the corresponding snapshot, highlighting the alignment of large–large contacts along the flow direction (θ � 0).
Insets show polar histograms (rose diagrams) of LL contacts for the corresponding ζ values. All results are shown at an imposed stress of σ ¼ 100σ0.
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the system, whereas for ζ ¼ 0:25, the large and small parti-
cles are more homogeneously distributed.

D. Rigid clusters and shear jamming

A group of particles that acquires sufficient constraints to
eliminate all internal degrees of freedom, leaving only trans-
lational and rotational motion of the entire group, is termed a
rigid cluster. Here, such clusters are identified using the
pebble game algorithm, as described in Sec. II B. A
PG-identified rigid cluster consists of a minimum of three
particles, and as the number of interacting particles increases,
the degrees of freedom of a greater number of particles are
constrained, ultimately forming larger rigid clusters. These
clusters become large enough that they can no longer trans-
late or rotate under a constant-volume shear flow, leading to
shear jamming. Shear jamming occurs when the repulsive σr

and contact σc stresses balance the imposed stress such that

σ ¼ σr þ σc, (25)

indicating that no hydrodynamic stress, and thus no shearing, is
required. Operationally, in our simulations, we determine the
occurrence of shear jamming as the event when σr þ σc . σ,
which from Eq. (10) implies a negative shear rate.

In Fig. 8, particles identified as belonging to rigid clusters
by the PG algorithm are highlighted in red across various
sampled configurations. Rows 1–3 correspond to area frac-
tions of f ¼ 0:76, f ¼ 0:765, and f ¼ 0:77, respectively,
all at the same σ ¼ 100σ0. From left to right, the snapshots
evolve in time, indicating the fluctuating nature of the rigid
particle fraction. We observe that the sizes of the rigid clus-
ters are relatively smaller for lower f. The final column in
Fig. 8 presents the distribution of particles in rigid clusters at
each sampling, i.e., the distribution of mrig from Eq. (18),
given by Pmrig . Panel (k) in Fig. 8, highlighted with a red
box, shows the shear-jammed configuration. At f ¼ 0:76,
the clusters are predominantly small in size. However, as the
area fraction increases, we observe some probability of large
clusters, and for f ¼ 0:77, a bimodal distribution of mrig

emerges. As noted above, there is a finite probability of
jamming when the bimodal distribution appears, a point that
was not clear in examination of similar issues with softer par-
ticles [13,14].

In our simulations, we observe shear-jamming events for
monodisperse suspensions at f ¼ 0:765 and 0:77; bidisperse
suspensions at f ¼ 0:77, ζ ¼ 0:25 with δ ¼ 1:4 and 2:0;
and at f ¼ 0:78, ζ ¼ 0:50 with δ ¼ 2:0; note that this means
one in two simulations jams by a strain of γ ¼ 20. These
events occur at f=fm � 0:97, when fluctuations lead to mrig

being large, as indicated in Fig. 8(l), where the jamming case
is marked by a dashed red line at mrig � 0:85, corresponding
to the configuration of Fig. 8(k), although the first rigidity
percolation occurs in the range 0.95 (for δ ¼ 4:0)
� f=fm � 0:97 (for δ ¼ 1:0). The configurations with per-
colating rigid clusters have hmrigi percolating ≳ 0:80. We present
Pmrig plots for other cases in Fig. S5 of the supplementary
material.

In Fig. 9, we present the time series plots for cumulative
strain γ, normalized shear rate _γ= _γ0, relative viscosity ηr, and
the mean number of frictional contacts per particle hZneti.
The vertical red dashed line marks the jamming point,
obtained by our operational definition when _γ= _γ0 , 0. At
this jamming point, we observe hZneti � 3:1 [Fig. 9(d)],
slightly above the Maxwell threshold for bulk rigidity. We
see that there are other time points where ηr grows sharply as
the shear rate falls steeply (while remaining positive), imply-
ing a near-jamming event. One such instance occurs later in
the time series, at t _γ0 � 1000, where _γ exhibits a sharp dip
accompanied by peaks in both ηr and hZneti. Such near-
jamming events highlight the fluctuation-dominated nature of
the flow close to jamming, as shown in the experimental
work by Lootens et al. [56].

E. Rate-dependent viscosity

The system flow curve is generated by conducting simula-
tions at varying imposed shear stress. The area ratio is fixed
at ζ ¼ 0:50, and the area fractions are chosen such that
f=fm � 0:97. Specifically, we select f ¼ 0:765 for δ ¼ 1:0
and 1:4, f ¼ 0:77 for δ ¼ 2:0, and f ¼ 0:795 for δ ¼ 4:0.
The values of fm in Table I are reported for a stress of
σ ¼ 100σ0. Each simulation is performed for a total strain of
γ ¼ 12, with the initial unit strain discarded to ensure that

FIG. 7. PDF. All figures are for δ ¼ 4:0 and compare the small-large (SL)
contact network distribution (gsl). All plots here are at similar relative viscos-
ity (ηr � 3500). (a) The PDF and (c) SL contact network snapshot for a
frame for ζ ¼ 0:25 and f ¼ 0:795. (b) The PDF and (d) SL contact network
snapshot for a frame for ζ ¼ 0:75 and f ¼ 0:795. (e) Radial distribution
function for SL contacts for the same two cases shown in (a) and (b).
Results are shown for σ ¼ 100σ0.
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only steady-state statistics are included in the analysis.
Compared to other studies in this paper, where γ ¼ 20 and
two independent runs are considered for each case, here, we
adopt a shorter duration and a single run for each case as this
proves sufficient to characterize the flow curves.

From Fig. 10(a), we observe a characteristic shear-
thinning behavior at low stress levels. In this regime, particle
interactions are primarily governed by repulsive and hydro-
dynamic forces, and frictional contacts between particles are
negligible. As the applied stress increases, the system reaches
a critical stress beyond which the repulsive forces are over-
come, leading to the onset of frictional contacts. This transi-
tion results in an increase in flow resistance as more
frictional contacts are activated. The minima of the flow
curves occurs at a stress �0:5σ0. A notable feature in the
flow curve is a sharp decrease in viscosity for the
δ ¼ 1:0 (monodisperse) case at this minimum; this reduction
in flow resistance can be attributed to particle layering. For
the monodisperse case, the particles tend to organize into
layers parallel to the flow direction, reducing the effective

viscosity before further increases in stress lead to the activa-
tion of additional frictional contacts. The first normal stress
difference, N1 ¼ Σ11 � Σ22, exhibits distinct trends across
different size ratios. At lower stress values, N1 is near zero.
However, as the imposed stress increases beyond σ/σ0 � 1, a
negative normal stress difference emerges for the highly
bidisperse cases of δ ¼ 4:0.

F. Anisotropy in frictional systems

Here, we compare results from simulations with finite fric-
tion coefficient (μ ¼ 1) and for μ ! 1. The rheological
parameters for μ ¼ 1 are provided in Fig. S8 of the
supplementary material. We focus exclusively on the bidis-
perse systems with δ ¼ 1:4, 2.0, 4.0 at ζ ¼ 0:50. A fit of
the relative viscosity, as given by Eq. (17), is considered.
The optimum scaling exponent for μ ¼ 1 is found to be
αopt(μ ¼ 1) ¼ 1:71 (Fig. S7), whereas αopt(μ ! 1) ¼ 2:42
(Table S3). Traditionally, the relative viscosity exponent is
assumed to be α ¼ 2, as proposed by Maron and Pierce [17].

FIG. 8. Approach to shear jamming with an increase in the area fraction. Panels (a)–(c), (e)–(g), and (i)–(k) show simulation snapshots, where particles belong-
ing to the rigid cluster (as identified by the pebble game) are highlighted by solid (red) circles. The corresponding density distributions of the rigid particle frac-
tion, Pmrig , are presented in the last column in panels (d), (h), and (l). Each row represents the snapshots and Pmrig for f ¼ 0:76, 0.765, and 0.77, respectively
(δ ¼ 1:4 and ζ ¼ 0:25 for all three cases of area factions). Panel (k), highlighted with a red box, shows the frame in which jamming occurs and system-
spanning rigid clusters form. The snapshots evolve in time from left to right. All results are shown at an imposed stress of σ ¼ 100σ0.
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However, our results indicate that the optimum exponent
depends on the friction coefficient μ. The fits of the relative
viscosity provide estimates of fm and the free parameter k,
with values summarized in Table S3 (for cases with μ ¼ 1).

Structural anisotropy in granular media is an important
parameter to understand the contact network [57], stress trans-
mission though force chain networks [58,59], and macro-
scopic properties, such as dilatancy [60,61] and bulk modulus
[62]. The fabric tensor is often used to quantify the anisot-
ropy. We define the force-weighted fabric tensor as [63]

F ¼ 1PNc
c fc

XNc

c¼1

fc n(c) 	 n(c), (26)

where fc is the magnitude of the normal contact force, Nc is
the number of contacts in the configuration, and n(c) is the
contact vector going from the ith particle to the jth particle.
We determine the eigenvalues λk of the fabric tensor from

F�vk ¼ λk vk, k ¼ 1 or 2, (27)

where vk are the eigenvectors giving the principal directions
of contact anisotropy. The anisotropy is quantified by [64]

A ¼ 1� λmin

λmax
, (28)

where A ¼ 0 corresponds to an isotropic system, while A ¼ 1
represents maximal anisotropy. Figure 11 illustrates the varia-
tion of A with increasing f for both frictional cases. We
report the temporal mean of anisotropy, hAi, computed over
steady-state configurations. The results indicate that systems
with lower friction coefficients develop more anisotropic
structures. Among the bidisperse cases, δ ¼ 4:0 exhibits
comparatively weaker anisotropy than the smaller size ratios,
for all of which hAi is quite similar. The degree of anisotropy
obtained from the fabric tensor without force information
(Fig. S10 in the supplementary material) exhibits a similar
trend to that estimated with force information, but this purely

FIG. 9. Time series near the jamming point. Time series for (a) cumulative
strain (b) normalized shear rate (c) viscosity (d) frictional contacts per parti-
cle. The plots shown are for the case with f ¼ 0:77, ζ ¼ 0:25 and δ ¼ 1:4,
similar to the case shown in Fig. 8, Row 3. The vertical red dashed line at
t _γ0 � 620 is where we observe the event of shear jamming (i.e., _γ= _γ0 , 0).
All results are shown at an imposed stress of σ ¼ 100σ0.

FIG. 10. Rate dependence of viscosity and a first normal stress difference. (a) The flow curves for the relative viscosity of all bidisperse cases at a fixed area
fraction, f=fm � 0:97, where fm is estimated at high stress (values given in Table I). The small-particle fraction is fixed at ζ ¼ 0:50. The inset highlights the
viscosity variation with nondimensional shear rate, illustrating the transition from lubricated to frictional contacts. (b) The first normal stress difference at differ-
ent imposed stress values.
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contact anisotropy is weaker. This suggests that the contact
fabric itself encodes aspects of friction, consistent with
observations in experimental studies [65], and also affects the
interaction with the imposed flow as indicated by the magni-
tude of the force, fc.

We also examine the order parameters in the μ ¼ 1 sus-
pension (Fig. S10 in the supplementary material). The order
parameter frig, the variance of mrig, and hZneti are of compara-
ble magnitude to those observed in the infinite-friction case.
A key distinction, however, is that with lower friction, flow
is possible much closer to the fm. This difference appears to
arise from the reduced fluctuations at μ ¼ 1, borne out in the
fluctuations in ηr, which are significantly larger for μ ! 1
[Fig. 4(c)] than for μ ¼ 1 (Fig. S9, right panel).

IV. CONCLUSIONS

This study has used the established simulation approach,
LF-DEM [12,13], to examine the rheology, contact dynam-
ics, and structural fabric of dense bidisperse suspensions in
two dimensions, modeled as a monolayer of spheres under
simple shear flow. We have considered the effects of particle
size ratio, area fraction, and small-particle fraction. The
LF-DEM framework successfully captures shear-thinning
and shear-thickening behavior, as illustrated in Fig. 10. The
2D suspension has rheology that is phenomenologically
similar to the 3D case [14] and has the advantage that the
pebble game algorithm [51,52] allows rigorous analysis of
rigid structures in the contact network. A key finding of this
work is that the development of global rigidity at jamming
occurs through a critical process, in which the key mecha-
nism is the development of transient rigid clusters, which
grow sharply while exhibiting strong fluctuations in size at a
critical solid fraction fc. Because the clusters can percolate
when a fluctuation that results in a large fraction of the

particles being in rigid clusters (denoted mrig), the fluctua-
tions of the state of the material become intense in this near-
jamming regime. We find that jamming can take place when
system-spanning rigid clusters begin to appear, which is typi-
cally seen at mrig � 0:77. The jamming probability increases
as f approaches fc � fm � 0:02 for the case of μ ! 1 and
for μ ¼ 1, fc � fm � 0:01. Thus, jamming can occur at
solid fraction substantially below fm, the maximum flowable
fraction predicted based upon correlations of the time-
averaged viscosity at smaller f. These results are found to be
general across the range of mono- and bidisperse suspensions
studied here, although the structural anisotropy is found to
become significantly weaker for the bidispersity cases
studied (with small particle fraction ζ ¼ 0:25–0.75) for a size
ratio of δ ¼ 4.

Prior studies have often used traditional constitutive
models, such as the Maron–Pierce relation [17], to describe
the relative viscosity behavior of a dense suspension,
adopting a fixed exponent α ¼ 2 for the form
ηr � (1� f=fm)

�α. In contrast, we use an empirical power-
law shown in Eq. (17), allowing α to vary and determine its
optimal value by minimizing the mean-squared error across
a range of α. We find that α is not universal but instead
depends on the friction coefficient: α(μ ! 1) ¼ 2:42 and
α(μ ¼ 1) ¼ 1:71. Importantly, even if α were fixed at the
Maron–Pierce value of 2, the resulting estimates of fm

remain close to those obtained from the optimized fit (refer
Tables S1 and S3 in the supplementary material). This indi-
cates that the fitted fm, which is the primary quantity of
interest, is relatively insensitive to the precise choice of α.
In many of the results presented in this paper, the case with
δ ¼ 4:0 shows behavior that is distinct from the lower
size-ratio cases. The monodisperse and bidisperse systems
with δ ¼ 1:4 behave very similarly, validating the use of
this level of bidispersity as a means of maintaining an

FIG. 11. Contact anisotropy. The anisotropy as characterized by A, defined in terms of the fabric tensor eigenvalues, is shown for (a) finite (μ ¼ 1) and (b) infi-
nite (μ ! 1) friction coefficients. Inset: System snapshots at f ¼ 0:75 and δ ¼ 2:0, corresponding to the data points highlighted in red circle in both plots.
Each snapshot represents a zoomed-in subset of a larger system (N ¼ 1000) for visual clarity. Nonsliding contacts are shown in red and sliding contacts in
green (if viewed online), with line thickness indicating the magnitude of the combined normal and tangential forces. Sliding contacts appear only for μ ¼ 1
since no sliding occurs at infinite friction. Line thickness is scaled relative to the maximum force within each snapshot and is, therefore, not directly comparable
between the two cases. All results are shown at an imposed stress of σ ¼ 100σ0.
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amorphous structure while capturing the behavior of nearly
monodisperse suspensions.

We have analyzed the particle contact distributions in
both angular and radial directions. At low bidispersity
(δ ¼ 1:4), most contacts align with the compression axis
(θ ¼ �π=4 or 3π=4 from the flow axis). In contrast, at higher
bidispersity (δ ¼ 4:0), large–large (LL) contacts exhibit a
pronounced reorientation, preferentially aligning with the
flow direction (θ � 0). This effect is amplified with increas-
ing small-particle area fraction (ζ), as LL pairs progressively
align with the flow. A secondary peak near θ ¼ π=2 further
indicates clustering perpendicular to the flow. Overall, the
contact pair distributions demonstrate that both the size ratio
(δ) and the small-particle fraction (ζ) play critical roles in
reorganizing the preferred contact orientations. A similar phe-
nomenon is observed in simulations of 3D suspensions,
where large interacting particles form layers with normals
aligned along the velocity gradient under high stress [16].

The onset of shear jamming is investigated using a graph-
theoretical framework, based on the PG. The PG detects
rigid substructures in the contact network by counting con-
straints relative to available degrees of freedom, enabling a
quantitative description of rigidity emergence in dense sus-
pensions. The transition to shear jamming occurs within a
narrow range of packing fractions. At f ¼ 0:77 (δ ¼ 1:4,
ζ ¼ 0:25), we observe a distinct bimodal distribution in the
rigid fraction mrig, whereas at f ¼ 0:76, the mrig distribution
remains unimodal. This abrupt change is indicative of critical
behavior. Consistent with this, the variance of mrig grows
sharply near jamming, a hallmark of second-order phase tran-
sitions. The fluctuation in relative viscosity also rises rapidly
as f increases near the jamming condition. We have defined
fm through a fitting of the viscosity data, and in our simula-
tions, the jamming event consistently occurs at f , fm. This
discrepancy arises because fm is obtained from a fit of
Eq. (17) to average viscosity data, which neglects fluctua-
tions. As a result, the fitted fm reflects only the mean trend,
while the variance of the viscosity near jamming indicates
that there is a range of f where jamming may occur, with the
probability clearly increasing with f as shown in Seto et al.
[30]. Close to jamming, fluctuations dominate and this
makes fm unreliable as an actual jamming point. Particle
properties also play a role: friction promotes earlier onset of
rigidity, while particle softness delays it. We hypothesize that
more rigid particles undergo shear jamming at lower f,
whereas softer particles deform and overlap, reducing their
effective area fraction and thereby delaying jamming. Our
preliminary simulations are consistent with this hypothesis,
although further work is needed to confirm it.

At lower packing fractions, we observe small, isolated
rigid clusters. As the packing fraction increases, these clusters
grow in size, and at a certain area fraction, we observe the
first signatures of system-spanning rigid clusters, and typi-
cally at this packing fraction, such instances are few. At suffi-
ciently high packing fraction, fc, we begin to see much
higher instances of system-spanning or percolating rigid clus-
ters. These are clear indicators that at this f, because of large
fluctuations in mrig, a finite probability of jamming exists: a
condition that exhibits percolating rigid clusters can

eventually jam when sheared for sufficiently large strain. We
observe the occurrence of jamming point fJ near fc. At a
slightly higher packing fraction, we find the maximum
packing fraction fm as predicted by the power-law fit
[Eq. (17)]. For example, for the case of δ ¼ 1:4 and
ζ ¼ 0:75 (at μ ! 1), the first system-spanning rigid clusters
appear at f ¼ 0:76, and the onset of large variation in the
fraction of particles in rigid clusters is at fc ¼ 0:765
� fm � 0:02, while a shear-jamming event occurs at
fJ ¼ 0:78. However, the jamming fraction may be closer to
fc, and given the estimated fm ¼ 0:787 (refer Table I), the
apparent situation is that fc≲fJ , fm. In comparison with
the work of Santra et al. [14], where the full fluctuating regime
was accessible for the softer particles (i.e., the variance of mrig

went through a definite peak and came down), here, the large
fluctuations with harder particles can lead to jamming, and the
most extreme fluctuating behavior may be cut off.

We also present flow curves for different size ratios over a
stress range of 0:05σ0 � σ � 250σ0, plotted against the area
fraction normalized by the maximum packing fraction,
f=fm. The value of fm is estimated at σ ¼ 100σ0. When
scaled by this fm, the flow curves collapse onto a master
curve, except for the monodisperse case (δ ¼ 1:0) at low
shear stress. The deviation in this case arises from particle
ordering, as confirmed by simulation snapshots (see the
movie attached as part of the supplementary material). As a
result of the ordering, the N1 value decreases to near zero at
this point. In the highly bidisperse case (δ ¼ 4:0), N1

becomes strongly negative, indicating enhanced isotropic
structuring in the suspension, consistent with the reduced
anisotropy discussed in Sec. III F. The force chain structure
responsible for transmitting stresses is more anisotropic for
the systems with low friction. In summary, the friction coeffi-
cient dictates the viscosity exponent α, accuracy of the
maximum packing point, and degree of anisotropy.

Our two-dimensional simulations show trends consistent
with three-dimensional studies and allow analysis of micro-
structures driving shear jamming. The linear fit for relative
viscosity provides a reliable model across a wide range of
area fractions, size ratios, and compositions. Importantly,
while a direct observation of rigid clusters in experiments is
challenging, our finding that viscosity variance reflects the
system state offers a powerful and often overlooked feature,
potentially guiding future experimental work. The preferen-
tial layering of large particles, also reported in 3D simula-
tions, has practical relevance for industrial processes, such as
food and pharmaceutical mixing, where homogeneity is criti-
cal. Finally, we demonstrate a robust collapse of the flow
curve based on fm at high shear rates, extending predictive
capability to other size ratios, and show that anisotropy
derived from contact fabric, whether or not force information
is included, tracks the bulk frictional state.

SUPPLEMENTARY MATERIAL

The supplementary material provides additional informa-
tion supporting the main text. It includes the optimum α
values obtained by minimizing the mean-squared error
(MSE) for the linear fit using Eq. (17), for μ ! 1 (Fig. S1)
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and μ ¼ 1 (Fig. S7). It also includes the finite-size consis-
tency plot for frig (Fig. S4). Additional plots of the density
distribution of rigid particles Pm,rig and order parameters (frig
and znet) for other jammed cases encountered in the study are
shown in Figs. S5 and S6. Rheological data for μ ¼ 1 are
presented in Fig. S8. Fit parameters fm and k for all cases
considered are tabulated in Tables S1 (μ ! 1, only for
α ¼ 2) and S3 (μ ¼ 0). The comparison of anisotropy for the
finite- and infinite-friction cases is shown in Figs. S10 (as a
function of packing fraction f) and S11 (as a function of
scaled packing fraction f=fm). An attached supplementary
movie illustrates the ordering of the monodisperse systems
under low shear stress, which leads to a drop in viscosity at
σ ¼ 0:5σ0.
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